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Preface

Between April and July of 2001, I gave the Nachdiplom lecture series at ETH
in Zurich. The lectures concerned the study of some non-linear partial differential
equations related to curvature invariants in conformal geometry. A classic example
of such a differential equation on a compact surface is the Gaussian curvature
equation under conformal change of metrics. On manifolds of dimension four, an
analogue of the Gaussian curvature is the Pfaffian integrand in the Gauss-Bonnet
formula: on a Riemannian manifold (M, g) of dimension four, denote the Weyl—-

Schouten tensor A as B
G Y
where R;; is the Ricci tensor and R is the scalar curvature of the Riemannian

metric g; denote the second elementary symmetric function of A as

Aij = Rij —

1
72(4) = YA = 5lTr AR = JAP)
1<J
where \; (1 < ¢ < 4) are the eigenvalues of A; then one has the Gauss Bonnet
formula

s (M) = [(GIWF + oa(A))do,

where W denotes the Weyl tensor. Under conformal change of metrics, |W|?dv
is point-wisely conformally invariant, thus [ o2(A)dv is conformally invariant. The
main focus of these lecture notes is the study of the partial differential equation
describing the curvature polynomial o9(A) under conformal change of metrics.

The notes are organized as follows: In Chapters 1 and 2, I discuss the equa-
tion prescribing Gaussian curvature on compact surface, provide background, and
describe the main analytic tool, Moser—Trudinger inequalities, in the study. In
Chapter 3, I describe the connection between Moser—Trudinger inequality to the
Polyakov formula for the functional determinant of the Laplacian operator on
compact surfaces. In Chapters 4 to 6, I discuss general conformal invariants, the
connection of conformal invariants to conformal covariant operators on manifolds
of dimension three and higher, with emphasis on a special 4-th operator (called
the Paneitz operator) on manifolds of dimension 4. Finally in Chapters 7-10, I
study the connection of the Paneitz operator to the curvature polynomial o9(A)
described above. I also report the work of Chang-Gursky—Yang [23] on the exis-
tence on manifolds (M4?,g) of solutions with o2(A) > 0 under the assumptions
that [ o(A) > 0 and g be of positive Yamabe class.

The lectures were given at an early stage, when the study of the fully non-
linear PDEs like that of o3(A) were first developed. Since then, there has been
much progress both in the form of existence and regularity results on such equa-
tions. Readers are referred to the article by Gursky—Viaclovsky [56], where a sim-
pler proof, from a somewhat different perspective, of the main result in [23] dis-
cussed in these notes is given. There have also been important results on the
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existence of general conformal invariants by Graham—Zworski [50] and Fefferman—
Graham [44]. There is also a more recent survey article [20] for recent developments
in this research field.

I wish first to thank Heiko von der Mosel, who originally took the notes
that form the basis of this publication. Without his assistance in organizing and
correcting, these notes could not have been published. I also wish to thank Meijun
Zhu, Fengbo Hang, Paul Yang, Sophie Chen, and Edward Fan for reading the
manuscript and making many useful suggestions. Finally, I would like to thank
the participants at ETH during the lectures for their input and interest; particular
thanks go to Michael Struwe for arranging for a very rewarding visit at ETH.

Alice Chang
Princeton, New Jersey
September, 2004



81 Gaussian curvature equation

Let(M?2, go) be a compact closed two-dimensional surface with a given metric go
and Gaussian curvature K, . We are interested in the behavior of the Gaussian
curvature under conformal change of the metric. That is, we consider the metric

g: = pgo (1.1)

for some p € C*° (M), p > 0. Notice that g is conformal to go, i.e., while the length
of a vector changes; the angle between any two vectors is preserved under the
change of metrics from gg to g on M. From now on we write

g=guw: =e"go (1.2)

for some function w € C*°(M).

Proposition 1.1 Let K, be the Gaussian curvature of (M?,g,). Then
Aow + Ky, e*" = K. (1.3)

Equation (1.3) is called the prescribed Gaussian curvature equation, where
Ag = Ay, denotes the Laplace-Beltrami operator with respect to the background
metric go. Sometimes we also denote Ay as A when the background metric is
specified.

Proof of Proposition 1.1. Recall the definition of the Riemann curvature tensor (cf.
[3], [86]). For that let p € M™, and take an orthonormal basis {e;} of the tangent
space T, M of M at p. Then for two vector fields X,Y € T, M one has

R(X,Y): =VxVy - VyVx —Vix vy,
R(ei,ej) =Ve, Ve, = Ve, Ve,

where the two-form R defines the curvature of the Riemannian connection V.
The Christoffel symbols of g are given by

1 gy Ogj  0gij
k. = Zght 228 4 228 200
v 29\ i + oxt  Oxl )’

and they satisfy
Ve, = I‘fjek.

Let Rfcij: = g(R(es, ej)ex, e1), then the Ricci tensor is defined as
Rij: = Rjy;,

and the scalar curvature is obtained by contraction again:

R: = Rijgij.
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For g = pgo, p > 0 one computeb directly (using gi = p(go)i, " = p~'gk'), that
the Christoffel symbols I' lj of g satisfy

- 810gp dlogp dlog p
Tk —Tk 4 k k ki
gl ij t (6 oI 63 ozt — 99 oxt )’

2w

When n = 2 we write p = e“” and get after a lengthy calculation

Rig12 = € 2“((Rgy)1212 — 2A0w),

which is equivalent to (1.3), since Ky, = %(390)1212 and K, = %nglg. O

Remark 1.2 Integrating both sides of (1.3) over M gives in case M is orientable

/ K, dvg = / K, e*" dvy
M

/ ng dvgw (1 4)

= 2mx (M)
= 27(2 — 2ge),

where dvy = dvg,, x(M) is the Euler characteristic and ge the genus of M. Here
we used the Gauss-Bonnet Theorem. Hence [ K, dv,, is conformally invariant, and
its sign is determined by the sign of x(M).

One of the central problems is: Given a function K € C*°(M) on a compact
closed two-dimensional manifold M with fixed background metric gg, when does
there exist a metric g conformal to gg, such that

In other words, does (1.3) admit a solution w, such that K, = K7 This is usually
called the problem of “prescribing Gaussian curvature”. In the case when the
compact surface is the standard 2-sphere, the problem is commonly attributed to
L. Nirenberg and is called the “Nirenberg” problem.

Kazdan and Warner [59] gave some necessary and sufficient conditions for
the existence of solutions for (1.3) in some cases.

Theorem 1.3 Let x(M) = 0. Then (1.3) has a solution w iff either (i) K =0 or
(ii) K changes sign with fM Ke?f dvy < 0, where f is a solution of Aof = K

Proof. By (1.4) and the assumption (M) = 0, we have

0:/ Ky, dv():/ Kg, dvg,, (1.5)
M M
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hence Agf = Ky, is solvable on M. Moreover, f is unique up to a constant. If w
solves (1.3), then one easily checks that u: =w — f is a solution of

Aou + Ke2WH) = o, (1.6)

which implies by integration

Ke2f dvg = —/ (Aou)efzu dug
M

M
= / Vou - v0(672u) dvg (17)
M
= _2/ |Voul?e™2" dug < 0.
M

Equality occurs iff [Vou| = 0, which implies that u = counst., i.e., Agu = 0, hence
by (1.6) K = 0. If K # 0, on the other hand, we have fKezf dvg < 0, and we
infer from (1.5) that K changes sign. This proves necessity.

If K =0, then w := f with Agf = K, solves (1.3). If K # 0, K changes
sign and | u K €2l dvy < 0, then we claim that we can find a solution u of equation
(1.6), which also solves (1.3) setting w := u + f as seen above.

To prove this claim consider the set

C: ={ueWh?(M): / Kez(“+f)dv0:02md/ udvg = 0},
M M

which is not empty, since K changes sign by assumption.
If we find a minimizing function ug € C of the energy functional

1
E(u): = E/M|v0u|2alvo,

i.e., with

E(ug) = ing E(u), (1.8)
ue
then there exist some Lagrange multipliers «, 8 € R, such that
Agug + a + fKe20+) =0 on M. (1.9)

Integrating this equation over M we immediately obtain o = 0 by the first integral
constraint in the definition of C.
By the same argument we obtain for (3,

B/ Ke2f dvy = —/6_2”°A0u0 dvg
M

= /v0(672u0) . VOUO d’UO

-2 /|V0u0|2e*2“0 dvg < 0,
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which by our assumption | u K e?f dvg < 0 means that 3 > 0. Thus the shift
vo: = ug + %logﬁ satisfies

Agvg + K20t =0 on M (1.10)

as a consequence of (1.9) with a = 0.

To justify the above arguments involving the Euler—Lagrange equation point-
wise on M, we need to show that any minimizer of E(-) in C is sufficiently smooth
to carry out the differentiation. In fact, it will be shown below (see Corollary 1.7),
that for all v € WH2(M) with finite energy E(v) < oo one obtains

e’ € LP(M) for allp > 1. (1.11)

This implies that Agvg € LP(M) for all p > 1 by (1.10), in particular vy € C*°(M)
by standard elliptic estimates.

It remains to show that a minimizer ug € C satisfying (1.8) actually exists.
Taking a minimal sequence {u;}ien C C, E(u;) — infyec E(u) as i — oo, we
readily get weak convergence u; — ug € WH2(M) with

E(up) <liminf E(u;) = irelfc E(u). (1.12)

1— 00

Hence

0:/ uidv0—>/ ugdvg  for i — oo,
M M

and we will see later (Corollary 1.8) that also
0= / KXWt dyy — / K2t dyy  as i — oo, (1.13)
M M

which shows ug € C. Thus by (1.12)

. - o .
inf B(u) < E(uo) < inf E(u) = E(uo) = inf E(u),

which concludes the proof of Theorem 1.3. ]

Now we are going to provide the analytical tools necessary to prove (1.11)
and (1.13).

Recall Sobolev’s embedding theorem, which states that for a domain 2 C R"
one has W;"1(Q) — LP(Q) for % = % — 2 ga <n.

If o« = 1,n = 2,q < 2 we obtain W;9(Q) — LP(Q). In general one cannot
take the limits ¢ — 2,p — o0, i.e.,

Wo () o> L(9),

as one can see for the function u(z): = log(1l + log ﬁ) on B;(0) C R%

Instead N. Trudinger proved exponential L2-integrability in the following
sense.
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Proposition 1.4 [87] Let Q@ C R? be a bounded domain and u € W,y () with
fQ|Vu|2 dx < 1. Then there exist universal constants 3 > 0,C1 > 0, such that

/ B 4z < |6, (1.14)
Q

and we write W) () — el (Q).

Remark 1.5 Under the assumption [,,|Vu|? dz <1 the inequality (1.14) is equiv-
alent to the following:
There is a universal constant Co > 0, such that

|ullLr @) < Cg\/;t_?\m% for all p > 2. (1.15)

Let us prove this remark first.
“=" For all k € N one has

i [ ds < cijal,
- JQ

(o) s (o)

11 L 1
= (k)2 —CZF |Q|=*
< CoV2k|Q| 7,

hence

:r""

since (k!)% < k. This proves the claim for p: = 2k, k € N. For odd p a simple use
of Hélder’s inequality gives

(/ |u|de)p < </ u2pdx> "1Q1F < Co /20 F - |0]F
Q Q

=: Cy/plQ7.

®
g
[V
QU
8
|

(Blul)* do

/e

=% I8
R‘|H

k
[

@

k
|

[Cz\/ﬂ\ﬂlﬁrk

IN
>

| =

|
M 1M T 5=

$(26C3K)*10] < G119,

i
)
=



6 1. Gaussian curvature equation

if one chooses 3 so small that 28C35 < e~!, which according to Stirling’s formula
implies that the infinite series Y77 | & (28C3k)" is finite.

Proof of Proposition 1.4. Using the previous remark, it suffices to show (1.15). By
symmetric rearrangement® and scaling we may take Q: = B;(0) C R2. Further-
more, we may assume u € C>.
We can represent u as
1

- Au(y) loglz — y| d
u(z) 27 o) u(y) loglr — y| dy,

which after integration by parts leads to the estimate

\u<x>|s0/ Vuly)llz -yl dy
B;1(0)

1
2

<c</ |Vu<y>|2|x—y|—“dy) (/ |x—y|-a> (/ |Vu<y>|2dy> ,
B1(0) B1(0) B1(0)

using Holder’s inequality for % +5=1
Now fBl(0)|x —y|~*dy is finite, since for x,y € B1(0) one has By (0) C Ba(x)
and then

2—a

r=2
[ e—vays [ |x—y“dy=c[’" } <Clp+2).  (116)
B1(0) Ba(x) 2-a

r=0

Consequently,

/ |u|pdx<0[/ / Vuly)Ple —y|- “dydx]|Vu|L2(B (P +2)
B1(0) B1(0) J B1(0)
< HVU||L2(31(O))(17+2)

where we used Fubini’s Theorem and (1.16) to obtain the last inequality. By as-
sumption ||[Vul|r2(p, 0)) < 1, i.e., we have

l[ullLe (B, (0)) < Cay/p

for some universal constant Cy > 0. O

Corollary 1.6 Let (M?,g) be compact and closed. Then there exist constants
B =p(g) >0 and C = C(g) > 0, such that for all u € WH2(M) with

/ udvg = 0,/ |Voul? dvy < 1
M M

2 . *\2 . . N .
1P do < 131(0) eFW™)” dg and jBl(0>|Vu*\2dz < [olVul?dz, if w* is the symmetric
rearrangement of u, see [78].
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one has
/ P dvg < Cvol(M, g). (1.17)
M

Proof. Take a partition of unity (U;, ¢;) of M, such that each U; is diffeomorphic
to the unit ball By(0) C R? with 0 < ¢; < 1,¢; € C§°(U;),>.; ¢ = 1 on M, and
set u;: = ¢;u. Then Vu; = (Vu)d; + (Vé;)u, and by Proposition 1.4 we have

luill ooy < Cov/BlI Vil 2w, (vol(U:))» for p > 2.

Hence

lullzrary <D Ml Loy < Cay/B(vol(M, g)) ZHV%HLz(U)

< Co/p(vol(M, 9))7 (||Vul [ L2 (ary + ||l L2 (ary)
< C(g)v/B(vOl(M, 9))7 ||V ul| 12 (ar)s

where we used Poincaré’s Inequality, which is valid, since [ A wdvg = 0. Notice
that C' = C(g) depends on the metric g via the partition of unity, in particular
the terms involving V¢;. O

Corollary 1.7 For a compact and closed manifold (M?, g) there are constantsn > 0
and ¢ = ¢(g), such that for each p > 2,

2
w—w p
/M P~ gy, < cexp [UZHVWHQL?(M)] (1.18)

for all w € WY2(M), where

1
w: = w dv :7/ wdv,.
][M g VOI(Mag) M g

Proof. By Young’s inequality we get, for HVU)HL?(M) #0,
(w —w)?

W) < Bt
p(w — W) ﬁvaHsz\/I)

+ 51 vaHLQ(M)a

where 3 > 0 is the constant of Corollary 1.6. Taking the exponential of this inequal-

ity and integrating one obtains for u: = W(: u=0and ||Vul|z2ar) < 1)

/ eP(w—) d’l}g < / Bu® %%HVU’HL?(M) d’U
M M

1 p?
< oxp | 55Tl | -la) vola, ).

which concludes the proof if one sets n: = 37! and ¢: = ¢(g) vol(M, g). O
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Corollary 1.8 If u; — u in WH2(M) as i — oo, and
|Vul? dv, < ¢, / |Vu;|? dvg < ¢ with / u;dvg =0 forall i€N,
1 M M
then for each f € L (M),

fer" dvg — / feP*dvg asi — oo. (1.19)
M M

Proof. Using the simple estimate |e* — 1| < |z|e/*l we can write

/M|ep“i —ep“|dvg:/Mep“(ep(“i*“) —1)dv,

Polans — qulePlti—ul
§/ e’ plu; —ule duy
M

<o ([ aman,) ([ pmnan) ([ o)

using Holder’s inequality. The right-hand side tends to zero as i — oo, since the
middle term does by Rellich’s theorem, and the two integrals involving exponential
terms stay bounded according to (1.18). O

Remark. The case x(M) < 0 has also been considered by Kazdan and Warner
([59]), but is not completely settled. There are necessary conditions and also suffi-
cient conditions, but a complete characterization of the solvability of the Gaussian
curvature equation (1.3) as in Theorem 1.3 remains an open problem for x (M) < 0.
Let us now turn to the case x(M) > 0.



§2 Moser—Trudinger inequality (on the sphere)

When x(M) > 0, then either x(M) = 2, in which case M is diffeomorphic to the
sphere S?, or x(M) = 1, i.e., M = RP?, the real projective space.

Consider (M, g) := (S?, g.) with the canonical metric g. and Gaussian cur-
vature K, = 1. The Gaussian curvature equation (1.3) then reads as

Aw+ Ke*™ =1 on (5% g.), (2.1)

where we denote A = Ag, as before. Here, K € C*°(S5?) is a given function.

Theorem 2.1 [59] Let w € WH2(S?2) be a solution of (2.1). Then

/ (VK, V)™ dv,, =0, (2.2)
SQ
where ¢ is any of the first eigenfunctions of A on the sphere, i.ce.,

Ap+20=0 onS% (2.3)
(p = @, for & : R3 — R, §(z) = Zle c;x’, for some real constants c;,

i=1,2,3.)
Remark 2.2 By the Gauss—Bonnet Theorem

Ke*™ dv,, = 4, hence K > 0
S2
somewhere on S2. But this information is not sufficient for the existence of solu-
tions for (2.1). In fact, for K = K, := 1+¢ep,e | 0, the Kazdan—Warner condition
(2.2) is violated for every € > 0, which means that there are functions K arbitrarily
close to 1, for which (2.1) is not solvable.

Proof of Theorem 2.1. One has V V4 = @gu for ¢(z) = x; on S?, hence (2.3)
implies

2ViVip = Apgi for ¢ = @, . (2.4)
Integrating by parts repeatedly, and inserting (2.1) and (2.3) we compute
/ (VK,Vp)e?™ dv,, = — | KApe*™ dv,, —2 | K(Vp, Vw)e dv,,
52 52 52

= — Ap(l — Aw) dv,, — 2/ (V, Vw)(1 — Aw) dug,
(2.1) S2 52

= 2/ o(1 — Aw) du,, +2/ pAw dug, +2/ (Vo, Vw)Aw dug,
52 52 52

= —/ Agodvgc—i—Q/ VipViwAw dvg,
(2.3) §2 S2
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=-2 | Vi(VipViw)Viwdyg,
S2

=-2 ViVipViwViw dvg, — 2/ VieViViwViw dug,
52 52

= —/ 91 ViwViw(Ae) dug, —/ ViV (ViwViw) dug,
(2.4) 52 52

— /32 |Vw\2Ag0dvgc + /52 A@|Vw|2 dvg,

=0. ]

A sufficient condition for the solvability of (2.1) was given by Moser in [64],
see also [65].

Theorem 2.3 [Moser] If K(—¢) = K (&) for all £ € S?, and if maxg: K > 0, then
(2.1) has a solution w € C*°(S?) with
w(—¢€) = w(&) for all ¢ € S*.

Sketch of the proof. We consider a variational approach using the functional

1

Jr[w] :=log + Ke* dv, — 4—/ |Vw|*dv,, — 2][ wdvg,, (2.5)
Sa T Js2 52

whose critical points, i.e., w € W12(S52) satisfy the equation?

Ke2w

FKe?v dug,
5‘2

—Aw+1= on §2. (2.6)

Then the shifted function

Wi=w — L log + Ke* du,,
2 g2
solves (2.1).

Consequently, the proof boils down to showing the existence of a critical point
for the functional Jk[-]. For that we need some sharpened versions of Proposition
1.4, Corollary 1.6 and Corollary 1.7. We are going to state these results without
proof.

Theorem 2.4 [Moser—-Trudinger inequality] Let Q@ C R™ be a bounded domain, u €
Wy " (Q) with Jo IVu|™ dz < 1. Then there is a constant C' = C(n), such that

/ el dz < 0|9, (2.7)
Q

1
where p = L= a < a, := nw, 1, wy = k-dimensional surface measure of Sk,

2We have seen before that W1:2-solutions of (2.6) are in fact of class C°°(S?); compare with
the proof of Theorem 1.3.
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Remark 2.5 For n = 2 one has p = 2, ay = 2w; = 47. Moser has shown that the
constant o, in the theorem is sharp in contrast to the constant § in Proposition
1.4. In fact, he constructed a sequence uy, € Wy ™ (B1(0)) with fBl(O) |Vug|"dz <1
such that

P
/ el dr — 0o ask — oo,
B1(0)

if > ay,.

We have seen in Corollary 1.6 that for general compact closed (M, g) the
constant on the right-hand side of (1.17) depends on the metric g. Working on
(52, g.) allows us to control the constants.

Theorem 2.6 [Moser] There is a universal constant C1 > 0, such that for all w €
Wh2(52) with [, |Vw|? dvg, <1 and [ wdvg, =0,

/52 e’ dvy, < Ch. (2.8)

In the same way as we deduced Corollary 1.7 from Corollary 1.6 one can show

Corollary 2.7 For Cs := log C; + log ﬁ,

1
log][ e* dv,, < [—/ |Vw|? dv,, + 2][ wdvgc] + Cy (2.9)
S2 4 S2 S2

for all w € WhH2(5?).
Remark 2.8 For w as in Theorem 2.6 with w % 0 one easily gets
4 = d’l}gC < / 64771112 dl}gc < Ola
52 52

hence C; > 0. For a domain in the plane(i.e., n = 2 in Theorem 2.4), Carleson
and Chang [19] have proved the existence of an extremal function for the Moser—
Trudinger inequality for Theorem 2.4, and the best constant Cy in the statement
of Theorem 2.4 is > 1+ e. This result was extended by T.L. Soong [84] proving the
existence of extremal functions for (2.8) in Theorem 2.6, see also the results on the
structural behavior of such extremal functions in M. Flucher’s work, [45]. These
investigations are also related to work of A. Beurling on the boundary behavior of
analytic functions on the disk, [8]. With different arguments we will need to prove
later that Co = 0 is the best constant in (2.9), which is the content of Onofri’s
inequality, Theorem 2.11. For even functions on S?, Moser improved his result,
Theorem 2.6:
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Theorem 2.9 [Moser| If w € W2(S?) with fwdvg, =0, [¢, |Vw|* dvg, <1 and
SQ

w(&) = w(=¢&) for almost all £ € S?, then

8 2
/52 e dvg, < Cs.

Again we infer

Corollary 2.10 For Cy4 :=logCs + log ﬁ, a= %,

1
log][ 2w dvg, < |:a- —/ |V’w|2 dvg, + 2][ ’u)d’UgC:| + Cy.
S2 47 S2 S2

Let us point out that only a < 1 is crucial for later applications.

Now we finally turn to the proof of Theorem 2.3:

Proof of Theorem 2.3. Since K > 0 somewhere, and K is even,

C.={we wh2(8?) Ke?® dvg, > 0,w even a.e. } # (.
S2

Consider the variational problem
Jik[] — max Jg[w] onC,
and recall that if there is some wg € C such that

sup Jx [w] = Jx[wo],
weC

then (2.1) has a solution.

(2.10)

(2.11)

(2.12)

First we observe that Jx[-] is bounded from above. Indeed, by Corollary 2.10,

(2.11)

log + Ke**dv,, <logmaxK + =2 |Vwl|* dv,, + 2][ wdvg, + Cy,
S2 4 §2 §2

S2

which leads to

1
Jr[w] <logmax K + (a — 1)—/ |Vw|? dv,, + Cy < o0,
S2 47 S2

since a = % < 1. Taking a maximizing sequence {w; }jeny C C with

lim Jg[w;] = sup Jg[w] =: L
l—o0 weC
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we obtain

1—
( 47ra> / |V, |2 dvg, < logrrg%xK+ Cy — Ji[wi]
S2

§1ogrr:1;%XK—|—C'4—|—5—L

for some € > 0. This implies by the Poincaré inequality that the w; are uniformly
bounded in W2(52), hence w; — wp in WH2(5?) for some subsequence. Since all
w; are even a.e., clearly wq is even a.e. by Rellich’s Theorem. Moreover we know
that by the definition of Jx[-] in (2.5)

log ][Kezwl dvg, | < L+ Cllw|lw2 < C < o0,
S2
hence

Ke2we=0) gy, > min{4me™¢ 1} =: ¢o > 0. (2.13)
S2
This implies by Corollary 1.8 that also

Ke*™ dv,, > co > 0. (2.14)
5’2
In fact, for u; := w; —w;, where w; := fw;dv,,, and f:= K € L>(S?), one infers
SQ
from (1.19)
K20 gy, — K e2(wo=m0) gy
g2 ge 52 ge»r

which implies by (2.12), that for any € > 0, there is Iy € N such that for all I > [

(co — )2 (@) < Ke*™ du,, .
S2

But w; — wp in L?(S?) by Rellich’s Theorem, hence (2.14) is true. O
Remarks

1. We have omitted the proofs of Theorems 2.4, 2.6, 2.9, due to the limited space.
Theorem 2.4 is based on a calculus inequality applied to radially symmetric func-
tions © = wu(]z|), to which the problem can be reduced, whereas the proof of
Theorem 2.6 is more sophisticated. One reduces the problem to v = u(z3) work-
ing in spherical coordinates. A similar but more complicated reduction is done in
the proof of Theorem 2.9.

It should be pointed out that these methods do not carry over to energies
with higher order derivatives of u, since the heavily used relation

/ |Vu*|”dac§/|Vu|"dx
n Q

for the symmetric rearrangement u* of u, is not valid for higher order energies.
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2. For a geometric interpretation® of the constants o, in Theorem 2.4, we look
at the following isoperimetric problem for level sets. Let u € C°°(2) be a Morse
function.

Li(u) := length ({x € Q: |u(x)| =t}), A(u) = area{z € Q:|u(x)| >1t},
then the classical isoperimetric inequality states that
L}
— > 4.
A, ="

Defining az(u) := lim inf fg“; for u € Wy"?(€) one obtains
t—oo Sl

inf  ag(u) = 4m,
ueEW,2(Q)

and the infimum is attained for u € C*°(Q) with circular level curves.

If ue W2(Q),Q c R? with [, udz =0, then

or, if 90 € C2,

A(u) = 2 min; 6;, if 0N is piecewise smooth
t with interior boundary angle 6;.

If w e WH2(S?) with [, wdvg, = 0,w even, then as(w) > 8.
Indeed, the isoperimetric inequality on S2 for a closed curve with length L
and enclosed area A says
L? > A(4m — A),

which implies

as(v) = lim (). (47 — Ay(v)) = 4r (2.15)

t—o00 At v) T t—oo
for all v € W'?(S?) with [¢ vdvg, = 0.

This explains the term 47 in the exponential in (2.8) of Theorem 2.6. In
particular, for w even, the level curves of w split in two equal parts of length
Li1 = Lys = L;/2. The same holds true for the enclosed areas

A1 = Ao = Ar/2,
which implies

L?(w) — lim AL7 1 (w) > 9.4
t—o0 At(w) t—o0 2At,1(w) (235) ’

ag(w) =

compare to Theorem 2.9, where 87 occurs in the exponential in (2.10).
Notice that it is not clear if this geometric interpretation extends to the
general case n > 3 because of the more complicated geometries of level sets.

3(32]
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We now give a sharpened version of Corollary 2.7, the Onofri inequality.

Theorem 2.11 [Onofri] Let w € WH2(S?). Then

1
log][ e* dv,, < — |Vw|? dvy, + 2][ w dvg, (2.16)
S2 47 S2 S2
with equality iff
Aw + e =1, (2.17)
i.e.,
ng = Kgc = 17 (218)

iff w= %log|J¢|, where ¢ : S? — S? is a conformal transformation of S?. In
other words, equality in (2.16) holds iff

g, = ¢*(ge). (2.19)

Remark 2.12 An analytic proof for the equivalence of (2.17) and (2.19) was given
by Struwe and Uhlenbeck. The equivalence of (2.18) and (2.19) is the content of the
classical Cartan-Hadamard Theorem. We will see later when deriving the Polyakov
formula, why the Onofri inequality (which sharpens Corollary 2.7, allowing Co = 0
in (2.9)) is important.

Sketch of the proof of Theorem 2.11. The key idea is a result of Aubin.[5]

Lemma 2.13 [Aubin] Let S := {w € W'2(S?) : [g, e*“x;dvg, = 0,5 = 1,2,3}.
Then for w € S the following is true: For all € > 0 there is a constant Cc such
that

1 1
log][ e* dv,, < (— —1—5) —/ |Vw|* dvg, + 2][ wdvy, + Ce. (2.20)
S2 2 4 S2 S2

Notice that the symmetric class S is not too special, since for each w € C*(5?)
there is a conformal transformation ¢ : S? — S2, such that

1
Tp(w) :=wo ¢+ Elog |J4| isin S.

In fact Ty gives a 1 — 1 correspondence.

Using (2.20) one can obtain compactness for maximizing sequences of Jx[] on
S, see (2.5). The Euler—Lagrange equation for this constrained variational problem
contains Lagrange multipliers, that can be shown to vanish using the Kazdan—
Warner condition, Theorem 2.1. Finally, the uniqueness of the solution to (2.17),
which then is the Euler-Lagrange equation for Jx[] on S, leads to w, =0 as the
minimizer. (2.16) follows from 0 = Jx [0] = Jx[w.] < Jx[w] for all w € W12(5?)
(see [72]). O
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Remarks

1. For nonsymmetric K > 0 Chang and Yang [31], [32] have proved an index
formula for (2.1) under very mild nondegeneracy conditions on K, e.g., for
Morse functions K, based on the Moser—Trudinger inequality. For general K,
K.C. Chang and Liu [21] have extended these results.

2. Solutions of (2.17), or equivalently (2.19), are unique, which is proven by
stereographic projection

7 : (S™ — northpole ) — R"

€ z(€)
with inverse £ = 77 1(x), & = 1%%‘2, Ent1 = Mz;}
For n = 2 the transformed equation becomes
—Au=e* onR? (2.21)
where 5
u(z) = log TP + w(é(x)). (2.22)

Assuming [, €** dz < co, W.X. Chen and C. Li [36] proved that (2.21) holds iff
u(z) = log ﬁ, for some A > 0,z € R?. Hence [p. 2@ dy = 41 = |S?|.
Note that without the assumption fR2 e dx < oo, there are actually other

analytic solutions to (2.21). In fact, one has a complete picture of the solutions of

this equation on R?, see the classification of [38]. On R n > 3, Caffarelli, Gidas
n+2
and Spruck [16] developed a full theory regarding the equation —Au = =3

The idea of projecting equations on S™ to R™ will also be useful for higher-order
problems leading to (—A)™?u = (n — 1)!e™" instead of (2.21).
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Theorem 3.1 Suppose (M?,go) is a compact surface, g, = e*Ygo is a metric
conformal to go, with vol(M, g,,) = vol(M, go).
Then
det(—A 1
Flw] := logM = (IVowl|? + 2K gyw) duvy. (3.1)

det(—Ag,) 127 Jy
On (52, g.) we denote S[w] := |V, w|*dvg, +2 fwdvy,.
52 52

As a consequence of Theorem 3.1 and Onofri’s inequality (Theorem 2.11) we
obtain

Corollary 3.2 On (S2,g.), one has

det(—Ay,) 1

N PO/ Z < 2
%8 Jet (A, ) 35wl <0 (3:2)
for all w € C°°(S?) with vol(M, g,,) = 4w, hence Flw] < F[0], i.e., F[] is mazimal
at the standard metric g., which corresponds to w = 0.

1

Notice that log(det —Ag, ) is defined via the regularized zeta function as in
Ray and Singer ([79]).

Corollary 3.3 On any compact surface (M?,go) with Ky, = const. < 0 and with
vol(M, go) = 1 one has: If w € C°°(M) satisfies [,, e*" dvy = vol(M, g,,) = 1,
then

Flw] <0

with equality only at the constant curvature metric gg.

Proof. First notice that by Jensen’s inequality

e2w S ][ 6211; d’UO — / 6211; dUO — 1,
M M

thus w < 0, where W := fwdvy = [,, wdvy. K4y < 0 implies [,, 2K w dvy =
M
2Ky, [, wdvy > 0, hence Flw] < 0. O

Observe that the above argument leads to
/ |Vow|? dvg < —127F[w],
M
which means that spectral information given by F[w] bounds the energy of w. For

a related result in case of the sphere (K, = K, = 1) we refer to the end of this
section for a result by Osgood—Phillips—Sarnak.
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For the definition of the zeta functional determinant log(det —A,), we con-
sider a compact Riemannian manifold (M", g), M = () with

denoting the eigenvalues of the Laplace—Beltrami operator
1 0 y 0 .
Ay =20 (g 50 Jgim oty = () (34
g NG (g \/Eaxj),\/ﬁ ctg, 9" = (gij) (3-4)
The eigenfunctions {¢;} form an orthonormal basis for L?(M) and satisfy
Agdj+Ajp; =0 on M. (3.5)

We consider the zeta function

C(s) =D A% (3.6)

Ak £0

and observe that formal differentiation leads to

((s)= Z —(log \p)AL®, e,

Ak #£0
¢(0) == logA, = —log [ M-
Ak#£0 k=1

This formal computation motivates the definition of the log-determinant according
to Ray and Singer [79] as

logdet(—A,) := —¢'(0). (3.7)

We will now justify the existence of ('(0). Denote N(X) := #{j € N: \; < A} as
the counting function and recall Weyl’s asymptotic formula:

Proposition 3.4 Let (M™, g) be compact with OM = (). Then

n/2
N(A) ~ wy, vol(M, g)(;T)"’ as A — oo, (3.8)
i.e.,
N(A)  wy

A ez T @

where w, denotes the volume of the unit ball in R™. In particular, for A = A,
A ~—
(Ae)? wy, vol(M, g)

vol(M, g), (3.9)

,as k — oo, (3.10)

i.e., A\ grows like k= ask tends to co.
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The asymptotic relation (3.10) implies that ((s) is well defined for Re (s) > 3.
To justify the expression ¢’(0) in (3.7) recall the Mellin transform

= /Oo e T at (3.11)
I'(s) Jo ’ '

where T'(s) denotes the value of the Gamma function at s:

o0
I'(s) ::/ e tts T dt.
0

Note that I'(s) has a simple pole at s = 0,

lim I'(s)s = 1. (3.12)

s—0

Using (3.11) we can rewrite ((s) in terms of the Gamma function for Re (s) > 3:

1 * Ajt 1
= bl dt
r<s>/o E

_L > o s—1
_F(s)/o (Z(t) — 1)t=~ dt,

where

/ H(z,x,t)dvy(z) = Ze Akt — Tp(etBa) (3.13)

is the trace of the heat kernel
o0
H(x,y,t) Ze Mty () e (1) (3.14)
k=0

Proposition 3.5 [67], [66] H(x,y,t) is the unique fundamental solution of the heat
equation
au A _ 0
“= (3.15)
hmt—>0 U(Jf,t) - f(x)a

on M™ (M compact, closed), i.e., for any given f € C™(M), the convolution
u = H % f solves (3.15). Moreover H is continuous on M x M x (0,00), and
H(,t) € C*(M x M), H(z,y,-) € C1((0,00)). In addition?*,

H(z,z,t) ( ) ZBk t 7 ast — 07, (3.16)

where By, are local invariants of M of order k. By, =0 for all odd k,(OM = 0).

4Definition: A(t) ~ B(t) iff tlirrb % =0 for all m > 0.
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Consequently, by (3.13) and (3.16)

L oo

1)\?2 o—n
20~ (5) Dot st =07, (317)

where ay, := ax(Ay) := [, Br(x) dvy () are the heat coefficients of M.
For n =2, (3.16) and (3.17) can be computed as

1 K() K2(x)t

_ 2 +
H(z,x,t) = 1 Ton 0 +O0(t%), ast — 07, (3.18)
vol(M,g)  x(M) =t / 2 2 +
Z(t) = — K 3 . 1
(t) - + 5 + 60 /., dvg+ O(t°), ast — 0 (3.19)

In particular, ag = vol(M, g), az = % [,, K dvg = 2Ex(M).
Thus, wherever the zeta function converges, we have

1

) =7 | @0 -0 @ s [Tz et

1ty [vol(M,g) ~x(M) 2 2
=—— | t : — [ K%d t*P(t) — 1| dt
I(s) /0 [ mt 6 60 /M vy TP

i 1 /OO ie—)\kt ts—l dt
I'(s) )y —1 7

where P(t) is a bounded function in ¢. The second integral is holomorphic in s,
since T'(s) does not vanish, and since > p- , e~ ! < Ce~"1t for large ¢, by (3.10).
The first integral may be written as

t=1
x(M) mt*t! 2 ¢

s K4dv, — — B
s—1 A7 + 6s + 60(s+1) Jar R t=0 + Bls),

1 [t81 ~vol(M, g)
I'(s)

where B(s) = ﬁ fol ts+1 P(t) dt is holomorphic for Res > —1. The above expres-
sion converges for all s € C with Re(s) > 1, and has a meromorphic continuation
to all of C with a simple pole at s = 1.

To summarize these observations, {(s) is holomorphic for Re(s) > 1, has a
meromorphic continuation to C with a simple pole at s = 1 and with

M
¢(0) = % 1 (3.20)
(See, e.g., Rosenberg [81], Chapter 5, for the corresponding result for general

n>2.)
Hence ((s) is analytic at s = 0, which means that

NRSOETA0)

s—0 S

¢'(0) ==

exists, and (3.7) is justified.
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Remark 3.6 The notion of log-determinant of the Laplacian was introduced in [79]
to define analytic torsion T by

n

log T 1= 3 S °(~1)%4)(0),

q=0
where
—C,/I(O) = logdet(—A,),
A, = Laplacian on ¢-forms. Cheeger [35] and W. Miiller [68] proved independently

later that this notion of analytic torsion coincides with a topological quantity,
namely the Reidemeister torsion.

To prove Theorem 3.1 we need to look at a more general version of Proposition
3.5, as defined by Branson and Gilkey. ([13])

Proposition 3.7 (Branson-Gilkey) Let ¢ € C*°(M),(M™,g) closed and compact,
and set Hy(x,t) = p(x)H (z, z,t),

Z(t) = Tr(pedt) = [ Ho(a,t)dug(a)
M
with H(x,y,t) as in (3.14).
Then there are coefficients By(p, Ag)(+), ax(@, Ay), such that B(p, Ay) =0
for k odd,

L)

1 2 c—n
H‘P(‘rvt) ~ (E) ZBk(@»Ag)(m)tkTv ast — 0+7 (321)
k=0
1 e k—n +
Zo(t) ~ | o= kz_:oak(go,Ag)t 2, ast— 0 (3.22)

with By (o, Ag)(z) = ¢(x)Bi (), Bi(x) as in (3.16), and

ar(p, Ag) = /M o(x) By (z) dvg (z). (3.23)
(In particular, a, =0 for k odd.)

Notice that with this notation ax (1, Ay) = ar(Ay) = ay as defined in (3.17),
in particular

ao(p, By) = /N (o) duy(a), (3.24)

wale.8g) = 3 [ @)K, @) doy (o) (3.25)

Proof of Theorem 3.1. The following lemma is the crucial step in the proof of
Theorem 3.1.
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Lemma 3.8 (Key Lemma) Suppose (M?,go) is closed and compact. Then

d az(p, Ay pdug,
L )= BB oy,
T Jos dvg,

3.26
e (3.26)

where we have set Ay, := Ay, , gy = e2tqq.

We defer the proof of this lemma to the end of this chapter and apply (3.26)
to prove Theorem 3.1 first:

By (3.7) we obtain

va
—logm =(a, (0) = (A, (0) = /0 E(Catw(o))dt

— /1 az(wa Atu;) dt 9 1 fM we2twd1}0
- 0 27 0 fm thwd,UO

1 1 2wd
— </ wky,, dvgtw> dt — (log M)
0 M

(335) 6 Jos dvo

1 1
(1. 3) 67'(' </ ( Ao(tw) + Kgo) d’l]o) dt

:—/ (/|V0w| dvo—i—/ Kgowdv()) dt

(|v0w\2 + 2K 5yw) dvg.

dt

127r

(Notice that we used the identity %‘Ezoggmm (0) = %C/Atw (0) to apply (3.26).)
Thus (3.1) is proved. O

Proof of Lemma 3.8. Without justification of every step below we calculate for-
mally:

di TT(etA"+E“”) — di T,r(etefzsapA“)
& le=o e (3.27)
=2t - Tr(pAette) = —QtETr(go v),
where
. d
Tr(pete) = Tr(petde) — L #2e

f a Qvg, ’

and where we used that A, = e 2% A, for n = 2, as can easily be checked by (3.4).



3. Polyakov formula on compact surfaces 23

Therefore, formally,

d d d d
ElEZO £|S:OCAWFE¢ (S) N Eh:o EE:OCA“E«P (S)
d d 1 oo
= _— —_ - T tAu+g¢ _1 t571 dt
(3.13) dS|.—o dE|.—o F(S)/o (Tr(e )—1)

d 1 /°° 1 d A
= — —_— 7 — Tr(ewtee)dt
ds|.—o T'(s) Jy de|.—o ( )

4 1 -1 d = tA
— s _2 _T N
(3.27) dS|s=o F(s)/o t ( tdt r(pe ) | dt

i 1 ) . e
[ —9 ST tA,, ) 371T tA,
ds .o F(s){[ T (pe )L:o + /0 st® Tr(pe ™) dt
d s o0 -
=92— - s—lT tAL,
wﬂ“@ét r(pe W}

ZQ%Qﬂ(féj{AtgL”( wdwﬁﬁmﬁ*fmwé&qw}>.

Notice that there are no boundary terms in the integration by parts, as the in-
tegrand is of exponential decay at infinity, and, by the asymptotic behavior near
zero (3.21), the integrand vanishes at zero, if Re(s) is sufficiently large.

The last integral is holomorphic in s. In addition, I'(s) = 1 — lerl +---, hence
2
s 5 s d s
—— =§"— —— + ..., in particular — — ] =0. 3.28
OIS pastintr . (5) (2:28)

So the only term we need to consider is

d d
EIEZO ELCOCA”” (s)

d 52
= 2— - DTSl ][ d
(322)  ds|._o <4Tr/ Zak (pr D)t = 14 vQ“)

1 d 2 ao(go,Au) s—1
— - Py
21 ds|.—o s—1

A > Ay) sz ]!
L+ 02 B 12} a(p, Au) rzaa] odv
s s Gu
4 t=0 M

1 d 52
- = A 2s” d
2w ds|,_o {3_100(80, w) + s02(p, Au) + 25 Zk—I—ZS— }]{MSO Yo

— QQ(SO?AU) _ ][ sOdv
27.1. M Gu

which proves (3.26). O




24 3. Polyakov formula on compact surfaces

Theorem 3.9 (Osgood—Phillips—Sarnak [73], [74]) Isospectral metrics on a closed
compact surface (M2, g) are C*°-compact modulo the isometry class.

The basic idea in the proof is that on a compact closed surface (M?2, go),
each heat coefficient as; for each i > 2 controls the Sobolev W#2-norm modulo
some lower order W2-norm for [ < i of the conformal factor w for the metric
guw = €*¥go. But when i =1, as = 2?Wx(M) is only a (topological) constant. Thus
to control the W1 2-norm of w, one needs to replace a by some other isospectral
information — which is provided by the log determinant functional F'[w] as defined

in (3.1).
Sketch of the proof. Without loss of generality one can choose the background
metric go such that Ky, = —1,0, or +1. For a sequence of isospectral metrics

Gy, a0 = Vol(M, gy, ) is fixed. Moreover, by (3.1)

1
Fo = Flwg] = ~Tom M(|V0wk|2 + 2K g wy,) dvy.
If Ky, =0 or Ky = —1 we get a uniform W'2-bound on wy, by the observation

after Corollary 3.3 and Trudinger’s embedding theorem (Corollary 1.7 in §1).

For K,, = 1 one uses conformal transformations ¢ : S* — S? and Aubin’s
Lemma (Lemma 2.13) as in the proof of Onofri’s inequality, Theorem 2.11, to work
in the symmetric class S. Then one obtains a uniform bound on

/32|ng (Ty(wy))|? dvg,  in terms of  F[Ty(wy)] = Flwy]

because of the isometric invariance of the spectrum. This together with the fact
that the volume of the metric gz, (w,) is always ag leads to a uniform bound on
||wk||1,2- The higher-order coefficients as; then enable us to control the W%2-norms
of w as well, for all 7 € N. O
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Let (M™, go) be a compact n-dimensional manifold with M = (). We consider
a formally selfadjoint geometric differential operator, i.e., an operator defined in
terms of geometric quantitives of (M, go). We say that A is conformally covariant
of bidegree (a,b) iff

Ay, (p) = e A, (e*p) for all p € C®(M). (4.1)

Examples

1. The Laplace—Beltrami operator for n = 2,

1 9 - 0
A= —— 2 (i /112
7 Vgl 0z (g |g|(9xj>’

satisfies
Ay, = e 2Ny, Le (4.2)
Ay, is conformally covariant of bidegree (a,b) = (0, 2). Recall that in this case
Aow + K, e*" = K, (4.3)

which is the Gaussian curvature equation.

2. The conformal Laplacian for n > 3,

n—2
Ly:=-Aj+——
g gt 4(n —1)
satisfies - .,
Ly, (p) =e "2 YLy, (e z wgo) for all p € C*°(M), (4.4)

hence L, is conformally covariant of bidegree ("7_2, "T“)

Notlce that b — @ = 2 in Examples 1 and 2. The usual notation g, :=
4
un-2 gg 1= e*¥gy leads to

_n42

Lg, () = u"m=2

Ly, (up) for all p € C(M) (4.5)

instead of (4.4). In particular, for ¢ =1,

Ly, (1) = u™ % Ly, (u), (4.6)
and more explicitly,
n+2
—Aou + cpRgyu = Crun=? Ry, (4.7)

where ¢, := which is the scalar curvature equation or Yamabe equation.

4(7; DR
Here we will present a formal argument to derive (4.3) from (4.4) which we

learned from Tom Branson. The argument runs as follows: with a formal limit
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n \, 2 after analytic continuation one finds that (4.3) appears as a special case of
(4.4): Taking ¢ = 1 in (4.4) we get

n—2 n=2,, _ n;rzw _ n—2
(220 s i) (774) i, 7 (-2 g ) O

n—2
— R, .
4(n _ 1) Jw

n+2
—e —S - w

Adding 0 = Ag(1) on the left-hand side leads to

n+2
w
2
cnRy, -

n—2 n—2
VAN (e z W 1) +cpRge T V=e

Dividing both sides by "7_2 and taking the formal limit n \, 2 we arrive at

2 n—2 1 n—2 n42 1
—A ( 2W_1> — R, e 2 Y=e2 "——R, |,
°<n—2 ¢ >+2(n—1) 90¢ ©T m_1)

R R
= _A 90 _ 2w 9w
ow + 2 € 9
which is (4.3), since Ry, = 2K, Ry, = 2K, , and
n—2 et — eo.w d
“ i ( 2w_1>:1- :_awa:: ”
nlh i — 2\ a20  a—0 da® la=o = 1w

3. The first higher-order example of conformally covariant operators for n = 4 is
the Paneitz operator [75] given by

. 2
Py = (—A,)? —div, (gRggij - 2Rij) d, (4.8)

where d is the differential (acting on functions). If we denote by J the negative
divergence, we can rewrite (4.8) as

2
(P4)g = (_Ag)2 +0 (gRggij - 2Rij) d. (4.9)
This leads to

2
<(P4)98071/)>L2(dvg) = /M(Ag ’ Ag@)w dvg + /M 5R9<Vg@v Vgi/’).q dvg

-2 RIC(VgQO»ng) d’Ug.
M

The Paneitz operator Py has the basic properties
(P4)gm = 6_4U)(P4)90) Le., (4'10)

(Py)g is conformally covariant with degree (0,4).
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Moreover,
(Pa)gow +2Qq, = 2Qq,,€™, (4.11)
where
12Qq := R — 3|Ricy |2 — AgRy, (4.12)
with |-|4 being the Hilbert—Schmidt norm, with respect to the metric g, i.e.,

[Ricgly == > I(Rij)gl;-

7,j=1

Rewriting (4.11) as —(Py)gow + 2Q,, " = 2Q,, we discover the similarity to
(4.3), and we can interpret Ay as —(Ps),.

In general, it is tedious to check formulas (4.10) and (4.11).

We will here consider two simple examples of the Paneitz operator.
3a. On R?* (or Q C R?) with the flat metric g = |dz|? we have R =0, R;; = 0 and
the Paneitz operator reduces to

(P4)g = (_Ag)2~ (4.13)

3b. If (M*,g.) is an Einstein manifold, i.e., with (R;)s. = $Rg.(9¢)ij, Rg.
const. for the canonical metric g., we get

1
(P4)gc = (_Agc)Q - ERgcAgC
1
= (—Ay.) (_Agc + gRgc> (4.14)
= (_Agc) oLy,

where L, is the conformal Laplacian discussed as Example 2. (4.14) holds true,
since 0d = — xdxd = —A.

3c. As a special example we take (5%, g.) with R, = 12, then (4.14) reads as
(Pa)g. = (=Ag.) 0 (=g, +2). (4.15)

4. In the same paper [75], Paneitz also introduced the conformal Paneitz operators
(P}')g. Setting

e Rg
Jo = 2(n—1)’
Ag = (Aij)g == (Rij)g — Jg9i,
1
(Cij)g = ——5(Aij)g,

(Ty)ij = (n—2)Jygi; — 4Cygij,
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and "
(QZ)g = §Jg2 - 2‘Ag|2 —AgJy,

one gets the operator

—4
(PP)g = (=) + 6Ty + “5= (@), (4.16)

and the claim is

-4 4
(P}')g is conformally covariant of bidegree <n—, n—2|— ) .

5 (4.17)

If one accepts (4.17) one can derive (4.11) from (4.17) in the same way (taking the
formal limit n \, 4) as we deduced (4.3) from (4.4).

Remarks

1. Although the operator P;* was introduced by Paneitz, the specific expression
of the Q7 was introduced by T. Branson [9]. More significantly, in the special
case when n = 4, Branson has pointed out that Q} is part of the integrand in
the Gauss—Bonnet formula. As we will see in the theorem below, the existence
of P for k > 4 was established in [49], In ([10], [11]) Branson has also
introduced the corresponding @p-curvatures. We now call these curvatures
Q curvatures.

2. Notice in the definition of (Q7%),, that (Q1), = 2Qq, compare to (4.12) in
Example 3.

3. The tensor A is called the Weyl-Schouten tensor; we will discuss some eigen-
value problems of the tensor in later chapters of this lecture notes.

Theorem 4.1 [49] Let k be a positive even integer. Suppose n is odd, or k < n.

Then there is a conformally covariant differential operator Py on scalar func-

tions of bidegree ("T*k, "TH“) with:

(i) the leading symbol of Py is (—A)¥/2, and on (R™, |dz|?) we have Py =
(_A)k:/Z’

(ii) P, = P,S + %’“Qk, where Qy, is a local scalar invariant, and P,S = §S;_od.
Here, Si_o is a differential operator on 1-forms,

(i) Py is self-adjoint.

Remarks

1. This theorem does not assert uniqueness of the operator Py. For example,
one can add |W|* for n = 4 : (Py), + [W|? has the same properties of the
theorem as (Py)g, where W is the Weyl tensor, which satisfies a pointwise
conformal invariant property: [W|[2 = e W [W|2 .

2. The condition k < n is necessary if n is even.
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3. The work of [49] is based on the work of Fefferman—Graham, [43], where they
regard (M™, g) as the conformal infinity of (X"*! ¢gT) for some asymptoti-
cally conformally compact Einstein manifold X! satisfying Ric,+ = —ng™.
There is a correspondence between the conformal invariants of (M™, ¢g) and
the metric invariants of (X"+1 g*).

4. Powers of conformally covariant operators are in general not conformally
covariant anymore, which can be seen by looking at powers of the conformal

Laplacian.

Corollary 4.2 If n is even, then there exists a curvature metric invariant (Qn)g
with

| @ vy, = [ Qo (418)
M M
i.e., [1,(Qn)gdvg is a conformally invariant quantity.

Note that (Qn)g = Qg for n = 4, see (4.12). For n = 2, the total curva-
ture [,,. K, dvg satisfies the invariance property (4.18), it is in fact a topological
invariant according to the Gauss—Bonnet Theorem.

Proof of Corollary 4.2. Since (Pp,)gow + (Qn)go = (@n)g, €™ obtained by analytic
continuation from the conformal invariance relation for P,, similar to the case
n = 2,4, we can apply part (ii) of Theorem 4.1 [49] for k = n. P? is of the form
6Sp—2d, which vanishes after integration. So

/]VI(QW«)QO d'UO = /M(Qn)gwenw d'UO = /M(Qn)gw d'Ugw. O
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Let (M™, g) be a compact n-dimensional manifold without boundary and suppose
that A is a self-adjoint, geometric differential operator with positive leading symbol
of order 21. In addition, assume that A scales like its leading symbol, i.e., if § := c?g
for some ¢ > 0, then A = (A); = ¢ 2(A), = c"2A.

Take, e.g., A as the conformal Laplacian, that is

A=L=-As+cy Ry,

and compare with Example 2 of Chapter 4.
Then we have the heat kernel expansion with asymptotic behavior

k—n

o ay(p, A), ast — 0T (5.1)

Tr(pe ) ~ Z t
k=0

where

ai(p, A) = /M (@) By, A) duy (2)

for ¢ € C*°(M), where By is a local invariant (in metric g) of order k; compare
with Proposition 3.7. Denoting the eigenvalues of A by A;,7 = 0,1,2,..., then
only finitely many of the A;’s are negative, since M is compact, and the asymptotic
behavior for j tending to oo is given by Weyl’s formula

.2l
Aj ~ (g, A)j™,

(compare with (3.10) for A=A, l=1.)
In analogy to (3.6) the zeta function (4 for the operator A is defined as

n
= Ai| 7% for R > —. 5.2
Cals) = D I\ for Re (s) 57 (5.2)
Xj#0
(4 has a meromorphic continuation onto all of C with simple poles, and is analytic
at s = 0, which may be proved in a fashion similar to the argumentation used in

Chapter 3.
The determinant of A is defined as

det A := (—=1)#UA <0t exp(—¢,(0)), (5.3)

hence |det A| = exp(—(4(0)), generalizing (3.7).
Notice that this definition of the determinant is not scaling invariant, that
is, for g = c%g, for ¢ > 0, one gets A = ¢ 2! A, Aj = cle)\j and

Cals) = D INI78 = *Cals).

2;#0
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Hence, although ¢5(0) = (4(0), while

T Gals) = (o8 e)Ga(0) + G4 (0)
L o—Ca(0) _ o—(loge)ea(0)~C4(0)
= ¢~ 264 oxp(—¢’,(0)), that is
det A = ¢=264(0) det A,

This observation motivates the following definition:

21¢ 4 (0)

P(Agy) = (Vol(M,g))— »  det A. (5.4)
Then
- 21¢5(0) _
P(4,) = (Vol(M,g))~ = det A
= (Vol(M, g)) "+ 2a () det A
— (Vol(M, g)) “+” det A
= P(A,),

since vol(M, §) = ¢" Vol(M, g) for § = c*g,c > 0. Thus P(4,) is a scale invariant
quantity.
The following conformal index theorem is due to Branson and Orsted [14].

Theorem 5.1 (Branson—Orsted) Assume that A is as above and conformally co-
variant (or a positive integral power of conformally covariant operators). For sim-
plicity assume that

NA)=#{j: \;=0}=0.
Then for ax(Ag) == ar(1, Ag),

ar(Ag, . .;) = (n = k)ai(f, Ag,,), (5:5)

d

de oy Aruter (0) = 2lan(f, Ag,)- 5.6)

Notice that (5.5) for & = n implies that a,, (A, ) is conformally invariant. We

det A det A .
can compute C;‘gw (0)— C;‘g (0) = —log l‘deet A’gl‘ = —log & S, using the fact that

the number of negative eigenvalues appearing in the definition (5.3) is conformally
invariant for conformally covariant operators.

In terms of the scale invariant quantity Pa(g), the last quotient may be
rewritten as

P(A,,) 21Ca(0) . Vol(M, gw) det A
1 gu) _ 1 Ju) g
“®7p(4,) n B Vol(M,g) 8 detA,
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y (5.6) we arrive at

gtw

1 1
¢ (0) = Ch (0) = / Lo (Oydt=21 / an(w, Ay, )dt,  (5.7)

by the simple identity d%\s:ogf/“gtw+gw (0) = %Q‘gtw (0).
Remark 5.2 When n is odd, a, = 0 for compact closed n-manifolds. Hence
log det Ag,, is a constant, compare to (3.6).

We now focus on the case n = 4. Assuming N(A) = N(A4,) = 0 as in Theorem
5.1, then we have

Lemma 5.3 Let A be as in Theorem 5.1 on (M*,go), M compact and closed, with
I =1. Then there are constants v1,72,7s depending on A but not on go, such that

B4(A ) = ’71|Wg|£27 + ’72Qg - 73AgRg7 (58)
|W gw - ei4w|W90|£2]07 (59)
Ry, = e " (Ry — 6Aqw — 6|Vouwl,), (5.10)

Agm Jw 691;) dgw ng

L (5.11)
=e "(AoRy, + b1 (w) + ba(w) + bg(w))
with
bi(w) = —6A5w — 280w R, — 2(Vow, VoRg, )g,,
ba(w) = —6A0(|Vowl|?)) + 12(Agw)? + 12(Vow, VoAgw)g,,
bs(w) = 1280w |Vow|2, + 12(Vow, Vo(|Vow|2, ) ges
where each b;(w) is homogeneous of degree i in w.
Remarks
1. Recall (4.12), ie., 12Q, := RZ — 3|Ricy|2 — AyR,. In general, there are
only four possible metric invariants of order 4, namely RZ, [Ricy |2, |[W,|2 and

AgRg, a linear combination of which furnishes By (Ay ) Apart from |W 2
these are not pointwise conformal invariants, only the integral of them is.
Moreover the conformal covariance of A, i.e., b — a = 2, enforces the ratio
|R1Cg|2 to be 1 : —3, which allows us to express Bi(A,) in terms of
|W |g,A R, and Q.
2. The negative divergence introduced for the Paneitz operator (Example 3 in
Chapter 4) satisfies the covariance relation

g = e 15,20 (5.12)

for any 1-form «, and
dg, f=dgf (5.13)

for any function f.
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Sketch of the proof of Lemma 5.3. The fact that (5.8) holds true is made plausible
in the first remark above and (5.10) is a direct consequence of the conformal
covariance of A. For the conformal Laplacian, A = L, one obtains (recall (4.4) in
Chapter 4) for n =4,

Ly, (p) = 6_3ng0 (e¥p) forall p € C(M),

and setting p =1

ng _ 6—311)(_A0(6w) 4 %ew)7

which implies (5.10) (for A = L), since Ac?jw = Aqw + |[Vowl? .
The identity (5.11) follows from a straightforward computation using (5.12)
and (5.10). O

Recalling (4.11) one deduces from (5.8) — (5.11) that

—Ay, (1) +

By(Ay,) = e " (Ba(Ag,) + %72(P4)gow —73(b1(w) + ba(w) + bz(w)), (5.14)

where (Py)g, denotes the Paneitz operator with respect to the background met-
ric go.

Under the assumption that A does not have zero eigenvalues, i.e., N(4) =0,
we can go back to (5.7) to compute the log determinant (for [ = 1):

det A,, , _ 1
o8 o = €, 00 =, (0) =2 /0 /M wBi(Ay,, ) duv,,, | dt

1
/
(5. 14) 0

1
/ w(Ba(Ayg,) + 57275(134);7011)
M

— 73 (thy (w) + t2bg(w) + t3b3(w)))e~H dvgtw] dt
1 1 1 1
=2Af(ém%o+pd&Mw—w(ymw+gmw+1mw0)g;)

where we used dvg,, = et dyy and the homogeneity of the b;,i = 1,2, 3. In terms
of the scale-invariant expression P(A),

det Ay,

o Vol(M, gw)
& det Ag,

] _ NI
%8 Vol(M, go)’

1
~log P(4,) +log P(4,,) = 1 — 56(0)

where

gA(O):/ By(Ag,) dvg = /(71|Wgo|30+72ng—73AORgo)dU0
M (5-8) J M

(5.16)
:'71/ |Wgo|§0 d’l]o-l—’}/g/ ng dvg.
M M



34 5. Functional determinant on 4-manifolds

Thus we have

Theorem 5.4 (Branson—Orsted)[14] Let A be as in Lemma 5.3, then

P(Ag,)
Falw] == —2log Ju’ — vy I[w] + YolIl[w] + 3111 [w],
] Pt = lul + lfu] + 11l
where
Iw] : = 4/ w\WgOEO dvg —/ |Wgo|3O dvg log][ et duy,
M M M
IMw] : :/ (w(Py) gow + 4wQg,) dvo —/ Qgo dvo log][ et duy,
M M M
1 1 1
Iw] : = —4/ wARg, + zwbi (w) + swba(w) + —wbz(w) | dvo
" 2 3 1
1 2 2
= § (/MR o d'Ugw — /]VI Rgo d'UO) .
Remarks

1. The last equality in the expression III can be obtained by an integration
by parts. Notice that by (5.10), ng dvg, = ng e dvg = (Ryy — 6Agw —
6|ng\§0)2 d’Uo.

2. For A= L = —A+ R/6 the ratios between the ; are as follows, see [14],

2
(471-)2180(71”727’73) = (17 _47 _g) .

For the square of the Dirac operator A = V? (V is a conformally covariant
operator of bidegree (%, %)) one has

28
(471,)2360(71772’73) = (_7’ 88, F) .

Notice that yov3 > 0 in both examples.
In Branson’s notation [10] our (y1,72,7s) correspond to (51, B2, 585/6).

Let us now recall some facts about the Yamabe metric. Given (M™, gg) com-
pact without boundary, one defines

Ry, d
Y(Mn,go) = mf f]\/[ Guw Ugu; ,

gu€lool (fM dvgm) =

which is called the Yamabe constant, a conformally invariant quantity. Here [go]
denotes the class of all metrics that are conformal to the background metric gg.
One central result regarding the Yamabe constant is due to Yamabe [92], Trudinger
[88], Aubin [4] and Schoen [82]:
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Theorem 5.5
(i) sign(Y (M™, go)) = sign(A1(Lg,)), where A1 denotes the first eigenvalue of the
conformal Laplacian Lg,.
(ii) Y(M™, go) <Y (S™, g.) with equality iff (M™, go) is conformally equivalent to
(8™, gc)-
(i) Y(M™, go) is attained by some metric g, € [go] with Ry, = const. This
metric is referred to as the Yamabe metric and often denoted by gy .

Proof. Since we are going to need only the first part, we will restrict our attention
to proving (i).

Let go be the background metric. For any u € C®(M), u > 0, set g, :=
wnz Jgo, then

1 n
Rgu = C_u_ﬁl’gou?
where Lg,u = —Aqu+ Cp Ry, u is the conformal Laplacian, Cy, = ﬁ. It follows

that

1 1
R;, dvg, = C_/ uL g, udvg = C_/ (IVoul? + Cp Ry, u?)dvy.
M n JM n JM
Let ¢1 be the first eigenfunction of Ly, with ||¢1]|12(as,40) = 1. Then ¢y € C*°(M)
and it does not change sign. We may assume that ¢; > 0. Note that
Jar By, dvg,, A

=G, 2 '
(J3 dvg,,) ||¢1HLWV2_,2(M790)

Thus if A\; < 0, then Y/(M™, go) < 0.

If Ay = 0, then the above formula shows that Y/ (M™, go) < 0; while we also
have [, Rg,dvg, = &= [, uLgudvy > 0 for all uw > 0. Thus Y (M™,go) > 0.
Hence Y/(M™, go) = 0.

If \; > 0, then for any u € C*°(M), u > 0, [,, uLgudvy > Ai||ul|7.
On the other hand we also have

[ akgyudon =l a gy = Clan)lalEa gy

(M,go)'

Thus we have

L udvy > C. 2 >C 2,
| gt > Copllllirsga ) = Collul? sy

by the Sobolev embedding inequality. Hence
fM Rgu d’Ugu

(far dvg,) =
That is Y(M™, go) > C(go) > 0.
For (ii) and (iii) we refer to [4], [82]. O

> C(go) > 0.
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Notice that if Y'(M™, go) > 0, then taking the Yamabe metric gy (= R,y =
const. > 0 according to part (iii) of the previous theorem), we are led to the
estimate (taking Vol(M, g.,) = Vol(M, gy) = 1 for simplicity),

2
/ sz dvg, > ( / Ry, dvgw>
M M
2
> (/ Ry, dvgy> :/ R} dvg, .
M M

Thus ITI [w] > 0 for all w in Theorem 5.4, and it is zero only when R, = Ry, . We
take this as indication that it is very nontrivial to achieve the infimum of III[w].

Before discussing extremal problems for the zeta functional determinant F[]
in Theorem 5.4 on general manifolds, we turn our attention to studying extremal
metrics on S* with respect to the conformal Laplacian:

Theorem 5.6 (Branson-Chang-Yang) [12] On (S%,g.) det Ly, is minimized for

Guw = €2V g.., with the volume constraint Vol(S%, g,,) = Vol(S%, g.) = % = |S4|, iff
Gw = ¢*(ge) for some conformal transformation ¢ : S* — S*, i.e., g, and g. are
1sometric.

The theorem above should be viewed as a 4-dimensional analogue of the
Onofri inequality in Theorem 3.1 and Corollary 3.2.

Remarks

1. For the Dirac operator V2 one gets det Vzw is maximized iff g,, is isometric
to gc.

2. On (5%, gc) one has [W,, |2 = 0, hence I[w] = 0, Iw] > 0 with equality iff
gw = ¢*(g.) and III[w] > 0 as pointed out before, since g. = gy, here, with
R,. =12, and equality iff g, = ¢*(g.).

3. We may view the fact that II[w] > 0 as a special case of Beckner’s inequality
[7], stated for general operators P, on (S™,g.), given by

H,E(—Agc + k(n —k—1)), for n even,

(P’ﬂ)gc = 1\ 2 % n—3

(=2 + (35)°) IZ (=2, + k(n — k = 1)), for n odd.
Branson [9] pointed out that these operators P, may be obtained by conformally
pulling back the operator (—A)™?2 on R” via stereographic projection 7 : S™ —
{N} — R"; where N denotes the north pole of the sphere S™. For instance, for
n = 2 one obtains the Laplacian A, on S? by conformally pulling back —A on
R?, whereas for n = 4 one gets the Paneitz operator

1

(P4)gc = (_Agg) (_Agc + 6

R) N TN

compare with Example 3b of Chapter 4.
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Beckner’s inequality states

nw n
log][ﬂ' e dvg, < n][ wdvg, + =1 ]én wPy, (w) dug,

with equality iff g, = ¢*(g.).

For n = 2 this reduces to Onofri’s inequality (Theorem 2.11), while for n = 4
Beckner’s inequality implies II[w] > 0, since on (S4,gc),Qgc = 3 according to
(4.12) with Ry, = 12.

4. For more general results we give the foolowing overview:

standard S a for the among metrics proved
metric g. on operator with fixed by
o global max | det(—A) area .
5 global min | det V2 area Onofii [72]
. volume
g4 global min det LQ & conformal Branson, Chang,
global max | detV class Yang [12]
volume
6 global max | detL .
S global min | det ¥2 & cc;rlli(s);rmal Branson [11]
g3 local max | det(—A) | volume & conformal | K. Richardson [80]
local max | det(—A) class volume K. Okikiolu [70]
§27+1 > 3| saddle point | det(—A) | YOM™E ffazgnformal K. Okikiolu [70]
Gan+l local min det L o
Gin+3 local max dot L } volume K. Okikiolu [70]

Here L denotes the conformal Laplace operator. The results by Okikiolu,
[70] especially the result that on the 3-sphere S3. det(—A,,) is a local maximum
of the functional det(—A,) among all metrics g (not only the ones conformal
to g.) defined on S2, are truly remarkable. An important tool in her work is
the computation of the canonical trace of odd operators in odd dimensions. In a
separate paper [69], she has also given an alternative proof of Polyakov’s formula,
Theorem 3.1, using the calculus of pseudo-differential operators.
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We study the extremal metric for the functional F4[w] given in Theorem 5.4 by
Branson and Orsted. As a basic tool we will need the following generalization of
Moser’s inequality, Adams’ inequality.

Lemma 6.1 (Adams [1]) Let & C R™ be a bounded domain, and suppose k < n.
Then there are constants ¢ = c(k,n), B0 = Po(k,n), such that for all w € C§(Q)
with || VFw||, < 1,p = %, we have

/Qexp(mw(x)w’)dx < (0] (6.1)

for all B < Bo, and p': =p/(p—1).

This inequality is sharp in the following sense: If 3 > [y, then for any N € N
there exists uy € C§°(Q) with ||VFuyl||, < 1, such that

/Qexp(muN(x)w’)dx > N|Q|.

Notice that we denote

|V*u||: = [|A*2u]|  for k even,

[[VEul|: = ||VA%uH for k odd.

If n = 4,k = 2, whence p = p’ = 2, then 3y = (y(2,4) = 3272. On a compact
4-manifold, Lemma 6.1 takes the following form (cf. [12], [46] for general M™):

Lemma 6.2 On (M*,go) compact, closed, there exists a constant co = co(go) such
that for all w € C%(M) with ||Aow||2 < 1,

/ exp (3272w — @|?) dvy < co. (6.2)
M
Corollary 6.3 On (M*, go) as above one has

_ 1
log][ =) dyy < log ey + —QHAong. (6.3)
M 8

(6.3) follows from (6.2) in the same way as Corollary 1.7 was deduced from
Corollary 1.6 in the first chapter.

Define for a metric g on M,

kg: = /M Qg dvy, (6.4)
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which is a conformally invariant constant, i.e., ky = kg, = | v Qo dvg for g = g,y =
e?" gg. Due to the Chern—Gauss-Bonnet formula

1
4y (M*) = g/ Wdv+ [ Qadv. (6.5)
M M

Suppose in the following that 2 < 0 in the representation of F4[w] given in
Theorem 5.4 (otherwise consider (—F,) instead).

Lemma 6.4 Assume that v2 < 0, and ~v2y3 > 0. Let c¢1,c2 € R be given constants
with co > 0 and suppose that

kg, < 872 — %/M|Wo|g dvo. (6.6)

Then for all w € Sc, ¢,(A), where
Serea(A): ={w € CF(M): (signyz) Falw] < e1,vol(M, gw) = ¢z vol(M, go)},
one has the uniform estimate

l[w]lw=2 < Cler, ca, A, go)- (6.7)

Remark. If we assume for simplicity that A = L, as we did in the proof of Lemma
5.3, we have

2
(47(-)2180(717’72773) = (17 _47 _g) )

according to the second remark following Theorem 5.4. Hence the condition on kg,
in Lemma 6.4 reads as

kg, < 872 + %/ |Wo2 duvo.
M
Proof of Lemma 6.4. We will show that, under the assumptions ~2v3 > 0 and
(6.6), the terms II [w] and IIT [w] in the representation for F4[w] add up to some
multiple of the W22-norm of w. All the terms involving the background metric go
will carry a sub- or superscript “0”, whereas g = g, = €?“go will not be indicated

explicitly, e.g., V4, = Vg, but V, = V.

Mw] = /M(w, Pyow)o dvo + 4/M Qo(w — w) dvy

—/ Qo dvg log][ W= gy
M M

2
= /(Aow)zdvo—k— Ro|Vow|2 dvg (6.8)
(4.9) J 3 m

-2 Rico(Vow, Vow) dvg + 4 / Qo(w — w)dvg
M

—/ Qo dvg log][ e W=1) gy .
M M
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For ITI[w] one computes

T [w ( / R*dv — / Rodv())

- / 36(Aow + |Vow|2)? — 12Ro(Agw + [Vowl2)] dvo (6.9)

= 12/ (Ao’w + \V0w|0) dvg — 4/ Ro(Ao’w + ‘Vo’u)%) dvg,
M M

where we used (5.10); compare with Remark 1 after Theorem 5.4. The assumption
on kg, may be rewritten as

—7v2 [ Qodvg — 71/ [Wolg dvo < —72872, (6.10)
M M

since 2 < 0. This implies by (6.3)

|:— ’}/2/ Qo d’Uo -7 / |WO|% d’Uo:| log][ 64(w7w) d’UO
M M M

1
< —o872 <ﬁ/ (Agw)? dvg + co) (6.11)
M

= —’)/2/ (Aow)? dvg — 87%ac.
M

Because of the strict inequality in (6.10) we may rewrite the left-hand side of

(6.11) as
[—72/ Qo dvo—%/ |W0|3dv0] 1Og][ A=) g,
M M M

(6.12)
< (o —e) /M(Agw)2 dvo + C

for some ¢ > 0.
Inserting (6.8), (6.9) and (6.12) into the expression for F4[w] we can estimate

Falw] < (y2 4+ 1273 — 72 — 5)/ (Agw)? duvg
M

+24’y3/ (Aow)|V0w\3dvo+1273/ |V0w|4dv0
M M

+ lower order terms in w.

Since € > 0,72 < 0,723 > 0, we obtain by Young’s inequality and the Sobolev
embedding W4 < W22, that first

|Vowla dvg < Clex, ca, Falw]),
M

and then
/ (Agw)? dvy < Cfey, ca, Falw]). O
M
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Lemma 6.4 now implies

Theorem 6.5 ([33]) If v2 < 0,7v2y3 > 0, and if
kg, < 872 — ﬂ/ [Wol2 duo,
Y2 JMm

then there exists an extremal metric g = g, = e*Vgo with w € W22(M),

Falw]= sup Fall,
Seyen(A)

satisfying (in terms of the metric g)
MW +7%Q — AR =7 / |W 2 dv + 72/ Q@ dv = const. (6.13)
M M

Furthermore, w € C*° (M) according to [25].

Notice that this result applies to the conformal Laplacian A: = L, where
(71772’73) ~ (1’ —4, _2/3)’ if kgo < 8 —+ (1/4) fM|WO|(2J dvy.
Regarding regularity even more is true:

Theorem 6.6 (Uhlenbeck—Viaclovsky [89]) Any critical point of Fal] of class
W22(M) is C*-smooth.

Our next goal is to derive an application of Theorem 6.5 given by Gursky,
see Theorem 6.7. Denote

R Y O R
o2 = 3 (123 E|> (6.14)

(in terms of some metric g on M), where E is the Einstein tensor on M, and recall
the identity

Ric = E + %g, (6.15)
to conclude by (4.12), and the fact that TrE = 0,
12Q = —AR+ R* - 3|Ric|?

1
= —AR+-R*-3|E)?
(6.15) 4

. (6.16)
— ~ p2 2
= AR+3<12R E|)
= —AR+60’2.

(The notation o9 is motivated by more general considerations regarding elementary
symmetric functions oy, of the eigenvalues of geometric tensors, see Chapter 7.)
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Two alternative formulations of Theorem 6.5 turn out quite useful later on:

Theorem 6.5 If v5,v3 < 0, and if

kgo :/ Qod’Uo <87T2—£/ |W0|(2)d’l}0,
M Y2 JMm

or equivalently, if

kq: =71/ |W0|8dv0+72/ Qo dvy > 72872,
M M

then there is wq € C*°(M) such that

Falwg] = sup Fal],
Seyeq(A)

and in terms of the metric g = g, = €% go,

ka

NIWP +7Q - 33AR = ————.
vol(M, gu,)

(6.17)

As it is sometimes more convenient to take 9 and 3 to be positive numbers
instead of negative numbers; we may take inf F)4 instead of sup F4 and restate
Theorem 6.5 as:

Theorem 6.5” If vo,v3 > 0, kg < 72872, then there exists wg € C°(M) with

FA [wd] = S inf(A) FA[-],
c1,e0

such that in terms of the metric g = g, = €>*4gq, (6.17) holds, or equivalently,

ka
vol(M, gw, )

ka
vol(M, gw, )

1 1
TIW[? 4+ 72 <—EAR+ 502> — AR =
1 , 1
&gt AR = —m|W| — gm0t

& AR = )+ a|W|? + Bos, (6.18)

kq 1 -1
Al =—————— | — <0
vol(M, guw,) (12’}/2—'_’}/3) -7

where

-1
1
a: =m (E’Yz + ’yg) < 0, and where

6'—1 ! + -
~—2’72 1272 3 .
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Theorem 6.7 (Gursky [54]) If Y(M*, go) > 0, and if kg, > 0, then the Paneitz
operator (Py) g, = Py is positive, with A\1(Py) = 0 and ker(FPy) = {R}.

Remarks

1. Both Y(M*,g) and k, are conformally invariant quantities, hence the as-
sumptions above are natural, since P4 is conformally covariant of bidegree
(0,4), see (4.10). This implies that ker(P) is a conformally invariant set.

2. The proof of Theorem 6.7 will be used to prove the main result in Chapter 7.

3. It is unclear, whether the assumptions Y (M*,go) > 0, kg, > 0 are also nec-
essary to obtain Py to be positive. Notice that there are indeed Paneitz op-
erators with some negative eigenvalues. For instance, let ¥ be the genus 2
hyperbolic surface and M: = ¥ x ¥ with \j(Ay) < 1 and -6 = R < 0.
Then P = (—A)(—A + (R/6)) = A% + A, which gives

)\1(P) = )\%(AE) — Al(Az) < 0.
Before proving Theorem 6.7 we need to derive a few auxiliary results.

Lemma 6.8 Suppose that Y (M*,go) > 0, and assume that (6.18) holds with o <
0,0<8<4,2<L0; then R: =R,, >0.

Gy

Proof. We are going to show that under these assumptions we actually obtain (in
terms of g = g, = €% gq)
LR >0, (6.19)

where L = L, is the conformal Laplacian on (M 4. guw,) as discussed in Example
2 of Chapter 4. To see that (6.19) holds, recall that for ¢ € C?(M),

R
Loy =~y + S,

so if 8 € [0,4], then

LR =-AR+ %2
1/1 R?
oo A= (5 (g ee) ) <
> 0.
Now Lemma 6.8 follows from (6.19) and the following general result. O
Lemma 6.9 If on (M™,g)
LR=—-AR+c,R*>0 (6.20)

(all in terms of the metric g), ¢, = 4(7;—__21), then Y (M™, g) > 0 implies R = Ry > 0
on M™.
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Proof. Let uy be the first eigenvalue of L and ¢ the first eigenfunction, ¢ > 0. Then
we know from Theorem 5.5 (i), that Y(M™,g) > 0 < py > 0. Defining f: = R/¢
we compute (in terms of g)

cnR? > AR=A(fp)
(6.20)
= fAp+pAf +2(Vf, V)
= f(cnR — 1) + pAf +2(V £, V)
=coR? — Ruy + oAf +2(Vf, V),

i'e'v R/J’l > @Af + 2<Vf7 v@% or

i — %(Vf, Vo) > Af.

Since p1 > 0, we can apply the minimum principle for f to obtain f > 0, hence R >
0. If f =0 at some point, we would get f =0, i.e., R = 0 by the strong maximum
principle, contradicting Y (M™,g) >0 (see Theorem 5.5), whence R > 0. a

Lemma 6.10 Let (M*g) be a smooth, compact closed 4-manifold. Then Y (M*,g) >
0 implies ky < 8% with equality iff (M*,g) is conformally equivalent to (S*,g.).

Remarks

1. If 72 < 0 and Y(M*,g) > 0,71 > 0, then it follows from Lemma 6.10 that
the assumptions of Theorem 6.5’ are automatically satisfied unless (M*, g) is
conformally equivalent to (S%, g.), in which case the existence result is known
anyway.

2. Gursky gave a proof of Lemma 6.10 in [54] without using the fact that
Y (M*, g) <Y (5% g.), which we have used in our proof below.

Proof of Lemma 6.10. Using (6.16) we may write (in terms of g)

1/1 1
k :/ de:/ —<—R2—E2) dvg—/ R% dv.
L a4\ 12 ] 48 o

Since kg is conformally invariant we may assume that g = gy, the Yamabe metric,
for which R = Ry, = const. according to Theorem 5.5 (iii). Consequently,

R?dv = R*vol(M, g)

M
2
= (/ Rdv) /vol(M, g)
M
=Y(M* g)? <Y(S% g.).
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Thus we obtain

by < V(5% 0 = 87
with equality iff Y/ (M*,g) = Y (5S4, g.), i.e., iff (M*,g) is conformally equivalent
to (S, g.) by Theorem 5.5 (ii). O

Lemma 6.11 Let Y(M*, go) > 0 and kg, > 0. Then there exists w € C*°(Q), such
that in terms of g: = gu = €*¥qo,

AR =X+ 209 (6.21)
for some A <0, where R = Ry, > 0.
Proof. Taking 3 = 0,2 = 6,3 = 1 in Theorem 6 we obtain w € C*° (M) with
AR = A+ 20s.

Notice that our assumption Y (M*, go) > 0 implies kg, < 872, and we may assume
kg < 872, since otherwise (M*, go) is conformally equivalent to (S*, g.), on which
(6.21) holds trivially with |E, |2 = 0,R? = 144 = —12X & A = —12. Note also
that the assumption kg4, > 0 implies A < 0 by definition of A in (6.18). Since § = 2
here, we can apply Lemma 6.8 to obtain R > 0. ]

Proof of Theorem 6.7. By Lemma 6.11 there is a metric g = e?“gq, such that (in
terms of g)

AR = )+ 209

1 6.22
:/\—\E|2+ER2 (6.22)

with A <0 and R > 0. We can write (again in terms of g), for ¢ € C?(M),
2
(P, ©) 12 (dv) :/ (Ap)? dv + —/ RIVo|* dv — 2/ Ric(Ve, Vo) dv
M 3 Jm M
1
= / (Ap)? dv + —/ RIVo|* dv — 2/ E(Vyp, V) dv.
M 6 Jm M

Claim

1
2/ E(V@,Vgp)dvg/ (Ap)? dv—l——/ R|V|* dv. (6.23)

Before proving the claim notice that then

7
<P907§0>L2(dv) > _/ -R|v<»0|2 d’l}7
18 /.y

which proves Theorem 6.7. ]
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It remains to show (6.23). The following general fact (see [85], p. 234) is
useful:

Lemma 6.12 Let M = (m;;) be an (n X n)-matriz with vanishing trace and norm

2

n
|M|2: = Z m?j

7,j=1

Then )
max |Muv|? < ——| M. (6.24)
n

vesSn—1

To prove (6.23) we take n = 4, i.e.,
/Ew,w dv < 2—/ |E||V|? dv

EP o 2 / 2

§2/ ——|Vy|*dv+ = [ R|Vy|*dv
m R Vel 8 Jm

‘V@P 13/ 2
= 2| ——(-AR+XNdv+—=— [ R|Vy|°d
2 SE- AR N+ [ Rl

AR 13
< _9 2 2
< /M|V<p| (R ) dv + 24/ R|Vp|® dv,

where we used A < 0, R > 0. To estimate the first term we integrate by parts:

(6.25)

A
/|V<p|2 <?R) dv = — \w| v( )VRdv— V(|Ve |)VR dv
M
IWI [VR|? / IVRI 2
> [ A gp—2 [ Vo[ VRl de
> [ [ Evelvel
— | V% dv.
M

Inserting this into (6.25) we arrive at
2 12 13 2
2 | E(Vo,Vo)dv<2 | |[Vip|"dv+ — | R|Vy|*dv. (6.26)
M M 24 S
Now apply Bochner’s formula to get
/ V2|2 dv = / (Ap)? dv — / Ric(Ve, V) dv
M

(6.27)
/(Acp dv—/ E(Vp, Vo) v——/ R|Vo|? dv.
M



6. Extremal metrics for the log-determinant functional 47

Substituting (6.27) into (6.26) leads to

1
2/ E(Vp,V)dv < 2/ (Ap)? dv—2/ E(V@,V@)dv—i——/ R|V|? dv,
M M M 24 Jor
which implies
1
2/ E(V@,Vgp)dvg/ (Ap)? dv—l——/ R|Vy|? dv. O
M M 48 Ju

For our investigations in Chapters 7 and 8 recall the functional
Falw] = nI[w] +y2ll[w] + ysI[w]

as given in Theorem 5.4. The critical points of Fy4[-] satisfy (6.17), i.e., in terms

of the corresponding metric g: = g, = e*“dgo,
1 1 kaq
— = AR = —y|[W|? — = -
(12v2+73> NWI™ = 57202 + ol g)’

where kg: =71 fM|W0|(2J dvy + 2 fM Qo dvg.
If one chooses v = 1,73 = 21—4(3(5— 2),6 > 0, and finally 1, such that kg = 0,
then the Euler-Lagrange equations for the functional

Folw]: = yIfw] 4 Hw] + 5(35 — 2)IIT[w]

read as (in terms of g)
SAR = 8v|W|* + 4o, (*)s

or equivalently, (for oo = 02(A4,) as in Chapter 7)
g 2
02(Ag) = JAR = 2m|W]%. (%)s

Notice that if fM 02(Ag)dv > 0, then v < 0 (since kg = 0), and v = 1,
v3 > 0,if § > %, thus 72y3 > 0; while v; < 0 implies that o < 0 in (6.18), thus
we may apply Theorem 6.7, or more precisely Lemma 6.8 to the solution of the
equation (x)s. Also the equations (x)s, (*):S may be viewed as a d-regularization
of the equation

o2(Ag) = —2m|W[ >0

for 41 < 0. That is, a regularization (depending on the parameter §) of an equation
prescribing o2(Ay). The strategy later will be to let § tend to zero.

Using the expressions for I[w], IT[w], IIT[w], given in Theorem 5.4 together
with (5.10) and (4.9) one can expand F°[w] in terms of derivatives of w with
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respect to the background metric gg:

Folw] = Fo[w]: = / (36(Aow)? + 3(35 — 2) Agw|Vow|?) dvg
M

+/ 2(38 — 2)|Vowl|! dvg (6.28)
M
+ lower order terms.

Lemma 6.13 Let £° denote the linearization of (x)s, i.c., the bilinearization of
F[] at a critical w € W2(M) with metric g = g, = €“go, Ry > 0. Then, in
terms of g, (dv = dvy),

d2
- @Itzo

= / (36(Ap)? —4E(Vp, Vo) + (1 — 0)R|Vyp|?) dv.
M

(o, 56@>L2(du) : FPlw + ty]

(6.29)

Proof. To simplify the computation, notice that the functional F°[] can be written
as
Folw + tg] = F°[w] + Fy[te],

where F?[] is given by (6.28) with the background metric go replaced by g = g, =

e?%go. This implies that
d? d?
—  Flwttel=— Foltyl.
az, et =g Fultel

Without loss of generality we may normalize the volume

][ e4wdv0:][ dv =1,
M M

to obtain by a straightforward computation (in terms of g)

d2 2
——  F)lty] = 16kq ][ ©* dv — <][ sodv> + 272( P, ©) L2 (av)
dt?),_, M M

1
+ 2473 (/ (Ap)? dv — —/ RVgp|2dv> .
M 3 /M

Under our hypotheses that k4 = 0 (by choice of 3 < 0), v2 = 1,73 = ﬁ(?)é —2),
we get

d? 4
3 F)lte] = 2(y2 + 1273)/ (Ap)?dv+ = (72 — 673)/ R|Vo|* dv
dt |t=0 M 3 M

— 472/ Ric(Vp, V) dv
M

_ / (35(Ap)? — 4E(Vp, Vo) + (1 — ) R|V?) do. 0
M
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We conclude this section with an estimate for the operator £°.

Proposition 6.14 Let L£° be as in the previous lemma; then, at a solution w with
R =Ry, >0, one has for all p € W2’2(M),

3 )
(0. L) 2 § [ (BB + {RIVe) do
M

In particular, LY>0andker L =R for all § > 0.

The proof is similar to the one of Theorem 6.7, in particular like the proof of
(6.23), recovering Gursky’s result “P > 0” for 6 = 2/3.

In Chapter 8 we will use a continuity method to let § — 0 in (x)s. Proposition
6.14 will serve us to prove the openness for the continuity argument.
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On (M™, g) denote A: = Ric— ( =9 the conformal Ricci tensor; compare with
Example 4 of Chapter 4. Then the full Riemannian curvature tensor Riem decom-
poses as

1
Riem =W + ——AQ@y,
n—2

where () denotes the Kulkarni-Nomizu product. Let h, k be two covectors and
T1,Ts, T3, T4 vVectors, then

(h®k)(x1,79,73,24)
= h($1,$3)k5($2,1‘4) + h(x2,$4)k(ﬂj1,$3) — h($1,$4)k’($2,1‘3) — h(xg,xg)k(xl,x4),

The conformal Ricci tensor A is natural in conformal geometry. In his thesis J. Vi-
aclovsky [90] considered the functional

Falo): :/Makmg)duw

where 01 (A) is the kth elementary symmetric function of the eigenvalues of the
tensor A, e.g., if A is the conformal Ricci tensor,

Rn n—2
k=1: O’l(A)—TT'A—R—Q(n_l)—Z(n_l)

1<j

k=n: o,(A) = det A.

Theorem 7.1 [90] If k # 5 and if M is locally conformally flat, then
or(Ay) = const.
for all metrics g € [go] that are critical for Fy[].

In this section, we are going to study o2(A,) on M*. We remark that some
of the algebraic properties of o5 on M* listed below have analogous forms for oy,
on M™, see [48].

Denote
R R
Aij = Rij — 5——9ij = Rij — —gij,
J J 2(n — 1)91 J 69]
R R
Sij=—Ei; + Zgij = —R;; + ggij, (7.1)

1/1
09 = O'Q(A) = 5 <ER2 - |E2) 5

and recall that R;; = F;; + %gij-
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Lemma 7.2
(a) R% > 2409(A) with equality iff E = 0.
In particular, if o2(A) > 0, then either R >0 or R <0 on M*.
(b) Let S¥: = g*gilSy;, g: = €2V go, then

1 1
02(Ag) = §SJAij = §<Sa A>g-

(c) If R>0 atp € M, then for all x € TyM and S = S;; one obtains

Sta,a) > 28 g )
Ric(z, z) > 3025514)9(3:,3:).

Proof. (a) is immediate.
(b) Recall that the inner product of two 2-tensors h, k in the metric g is given by

<h7 k)g = giagjﬁhijkaﬁv

g P R
() o)

2 2
AP G g

= 202(A),

- B

where we have used the property that TrE = E%g;; = 0.
(¢) Using Lemma 6.12 we estimate

|E(z,z)| < §|E\|x|3 Vo € T,M.

Hence
S )+l
<——E|+ )I 2
|E|2 R\
>< +Z |x|g
o 3 E 2 30’2( )
—( SEC R)| 2= 22
if we choose ¢: = 23
Similarly,
. R 30’2 2 30’2(14)
RIC(x,x)ZE(x,x)Jrzg(x,x)Zflxlgz i g(z,z). O
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Corollary 7.3 (Corollary of (b) and (c) in Lemma 7.2) If 09 = 02(A) > 0,R > 0,

then R 5
o2
=95 = Rij =2 —-9ij-

2770 @
In particular, Ric is positive definite (R = co1(A)).

We now list some basic facts concerning the tensors S, A, and o5 etc. under
conformal change of metrics. Let ¢ = ¢, = e*“go, where go is the background

metric. Then
R=R, =¢*(Ry— 6Aow — 6|Vowl|3). (7.2)

Notice the change of signs when using the g-metric instead of gg. In fact,

Ry = e*”(R + 6Aw — 6|Vw|?)

= R =e 2Ry — 6Aw + 6|Vwl|>. (7:3)
Moreover,
Ric = Ricy —2Vaw — (Agw)go + 2 dw ®¢ dw — 2|Vowl|3go, (7.4)
or in terms of g on the right-hand side:
Ric = Ricy —2V?w — (Aw)g — 2dw ® dw + 2|Vwl|?g. (7.5)
Analogously,
A=Ay —2Viw + 2dw @g dw — |Vow|2go, (7.6)
A=Ay -2V — 2dw @ dw + |Vuwl|’g. (7.7)
S = Sy +2Viw — 2(Aow)go — 2dw ®o dw — |Vow|2go, (7.8)
S = So+2V%w — 2(Aw)g + 2dw @ dw + |[Vw|?g. (7.9)

The behavior of g2(A4,) under conformal change is determined by (A = A, for
g=¢""go)
o2 (A)et = 0y(Ag) + 2[(A0w)2 — |V3w|(2)
+ <V0’W,V0(|Vo’w|g)>o +A01U|V0’w‘g] (7.10)
— 2(Ric)o(Vow, Vow) — 2(Sp, Vaw)o.

The last two terms are frequently denoted as lower-order terms. Notice that for
u € C*°(M), one has

o2(Vou) = = [(Aou)? — [Vaulg],

N~

which resembles the first two terms on the right-hand side of (7.10). oo(V3u) is
a typical example of a fully nonlinear differential expression studied by Caffarelli,
Nirenberg and Spruck [17] [18].
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A fully non-linear differential equation of second order
F(V2u(z), Vu(r),u(r),z) = 0in Q C R"
is called elliptic, iff there are constants 0 < #; < 65, such that

OF
91|f‘2 < (8

uij

) &€ < 02]¢)?

for all £ € R™.
In case F(VZw, Vw,w,z) = 02(Ay, ), one gets

oOF

= 284,
8wij

and if o2(A4g, ) > 0, then (—F) is elliptic.
Lemma 7.4 (Divergence structure of o) For 02(A) = 02(Ay, ) one has
(a) o2(A)et™ = 09(Ag) — Vo(M (w)Vow), where
M(w): =28y +2Vaw — 2(Agw)go — 2Vow @ Vow, (7.11)
(b) M(w) =5+ So+ [Vow|3go,
(c) VS =0. (7.12)

In particular, for M closed, compact,
/ SV2fdv = —/ (VS)Vfdv=0 YfeC*M).
M M

Proof. (a) follows from a straightforward computation from (7.10);
(b) follows from (7.8) and (7.11);
(c) follows from the first Bianchi identity

1
Sij = —Rij + ggij = VjSij = —VjRij + §ViR =0. O

The main theorem in [23] and [24] is

Theorem 7.5 On (M*,go) closed, compact, suppose
(i) Y(M,g0) >0,

(11) fM JQ(AQ) dvg > 0.

Then there is w € C°(M) with 02(A4,) =c > 0.

Corollary 7.6 Under the assumption of Theorem 7.5 there is w € C*° (M), with

R, > 0 and (R, /2) > (Ric),, > 0.
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Remark 7.7 The condition (ii) in Theorem 7.5 implies a topological constraint,
which may be seen as follows. Assume that M? is orientable. According to the
Chern—Gauss—Bonnet Theorem, one has

82y (M) = 3/ W2 do + / oo (A) d. (7.13)
4 Jm M
In addition, the Signature Formula reads as
1m¥ﬂﬂﬂ):1</“mvﬂ2—1V|ﬂ>dv (7.14)
4 \Jm
where
W = self-dual part of W,
W™ : = anti-self-dual part of W,
7: = signature of M* (a topological invariant).

Adding (7.13) and (7.14) we arrive at

4 (2x(M*) 4 3r(M*)) = %/Mwﬂ2 dv + /M o2(A) dv.

Thus (ii) in Theorem 7.5 implies the constraint
2x(M*) £ 37(M*) > 0. (7.15)

Examples. For simply connected 4-manifolds with positive scalar curvature, there
is a well-known work of Donaldson [40] see also [47] that up to homeomorphism
type, the manifolds are

k(CP?)#£1(CP?) or k(S? x S2).
If we assume in addition that [ o2(Ag)dv, > 0, then Condition (7.15) implies
0< k<445l (7.16)

where x =k +1+2,7=k—1, e.g. for [ =0,k < 4. We remark that for manifolds
of this type Sha—Yang [83] have already shown the existence of a metric § with
(Ric)z > 0.

Remark 7.8 To prove Theorem 7.5 we will proceed in two steps. First we deform
the given background metric gg in the conformal class to some metric g,, with
02(Ag,) = f > 0 for some positive function f. Secondly, we will deform f to be
constant. To be more precise, we will first show

Theorem 7.9 Under the assumption of Theorem 7.5 there is f € C*°(M),f > 0
and w € C*°(M) such that o2(Ay,) = f > 0.
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The second step will be the proof of

Theorem 7.10 Suppose there is w € C* (M), such that
(i) Ry, >0
(i) o2(Aq,) = f >0 for some f € C®(M).

If (M*,g) is not conformally equivalent to (S*,g.), then there exists a con-
stant

¢ =i (Illers (min 7)) o)

such that
[|w||pee < Ch.

We have to exclude the case of conformal equivalence to (S4, g.), since, for
instance, on (5%, g.), if €2¥g. = ¢*(g.), then one has in Euclidean coordinates,

2\
wWHn (Qf) = log m

and 02(A, ) =6 for all A > 0, but

lim [wa[pe = oco.

Once Theorem 7.10 is shown we will be able to conclude that there is a constant
C2 = Ca(|fllee, C1) with [[w[|ce < Co.

By means of degree theory we finally prove

Corollary 7.11 If (M*,go) is a closed compact 4-manifold satisfying (i), (ii) of
Theorem 7.5, then there is w € C°(M), such that

O'Q(Agw) =1.

We will prove Theorem 7.9 in Chapters 8 and 9; and Theorem 7.10 in Chap-
ter 10.



§8 A priori estimates for the regularized equation (x);

In this chapter we will prove Theorem 7.9.

Theorem 8.1 [23] On (M*, go) closed, compact, assume
(1) Y(M*, go) >0,
(11) f]\/[ JQ(AQ) dvg > 0;
then there is f € C*(M), f > 0, and w € C*® (M), such that

02(4g,) = [

Remark. Conditions (i) and (ii) are invariant under conformal change of the metric,
so sometimes we will simply write Y/ (M) or [, 02(A)dv without specifying the
metric.

Outline of the proof. We will use a continuity method on the “regularized equation”
(in terms of g = €2%go)

SAR = 8v|[W|* + 402 (A). (%)s
As we take the formal limit 6 — 0 we end up with

f==2m|W*.

To make sure that f thus found is positive, we first observe that under the as-
sumption (ii) of Theorem 8.1, v; < 0. Thus f > 0. Later on we will modify f to
get f > 0 at points where the norm of the Weyl tensor |W| = 0.

There will be two main steps in the proof of Theorem 8.1

Step 1. For all § > 0 there is w € C*°(M) solving (x)s; with R = R, > 0.

Step 2. We will show a priori estimates for solutions of (x)s independent of § as
6 — 0.
Before setting up Step 1 notice that solving (*)s amounts to analytically
solving
—65A%w = 8((Aw)? — |[V2w|* +--+) — 4f.

Step 1. Fix dg > 0, and consider the set

S: ={0 € [0o,1] : (x)5 admits a smooth solution w with Ry, > 0}.

Lemma 8.2 Under the hypotheses (i), (ii) of Theorem 8.1, one finds 1 € S, i.e.,
S £ .

Proof. Apply Theorem 6 with the choice yo = 1,73 = i(35 —2) = ﬁ, and 1, <0,
such that kg = 0; compare with Chapter 6.
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We find a solution w € C'°°(M) with
AR =8y |W|? + 4 L l|E|2
24 2
1
=8y |W|* + ERQ —2|E)?

< —R?,

| =

all in terms of the metric g = e?“gj.
The last inequality means LR > 0, which implies by Lemma 6.8 and hypoth-
esis (ii) that R > 0, hence 1 € S. O

Lemma 8.3 S is open.

Proof. If §1 € S,g91: = e*“1g, Ry, > 0, then we know from Proposition 6.14, that
ker L5, = R, where Ls, is the linearization of ()5, . According to [2] one finds
for every ¢ sufficiently close to §; a smooth solution ws € C*°(M) of (x)s. Since
Ry, > 0 we get Ry, > 0 for all w sufficiently close to w; in the C%%-norm, i.e.,
Ry,,, > 0 for all § sufficiently close to 1. O
Lemma 8.4 S is closed.

Proof. Our aim is to show that for §; € S with 6 — § with § > 6o > 0, we find
that a subsequence of the ws, converges to a solution wg of (x)5 in W22(M*). The
result in [89] implies that wy € C°°(M). Thus Lemma 8.4 follows directly from
the following a priori estimates, in particular from (8.2). ]

Proposition 8.5 Suppose w with g = g, = e*“gq solves (x)s with R = Ry, > 0.

Assume that fM wdvyg = 0, then there are constants Cy, C1 depending only on the
background metric gg, such that

w Z CQ, (81)

2
5/ (Aow)2 dvg + = |V0w\é dvg < Ch. (82)
M 3 Jm

Moreover, for any o € R,p > 0, there are constants Ca(a, g),Cs(p, g), such that

/ em" dUO S CQ, (83)
M
/ Vow|dw]? dvo < C,. (8.4)
M
Proof. To prove (8.1) recall

1 1
Aow + |Vow|d + Enge% = ERO, (8.5)
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which implies, by R4, > 0,

1

Aow + |Vowl|3 < =Ry, (8.6)

(=]

in particular,

1

Let G(-, ) denote the Green’s function of the operator Ay on (M, go); then we may
write according to Green’s formula,

—w(z) + /M w dvg = /M G(z,y)(Aow)(y) duo(y).

Since M is compact and closed, we may add a constant to G to get G positive.
Then, if f u Wdvg = 0 as we assumed, we obtain

R
ww) 2 = [ Gl auy) =: o

M

To prove (8.2), we first integrate (8.6) over M to obtain
1 .
/ |Vowl|2 dvy < —/ Rodvg =: C1, (8.8)
M 6.J/m

hence, by Poincaré’s inequality,

/ w2 dUO S él, (89)

M

since [, wdvg = 0. Now (8.2) follows from the weak form of the Euler-Lagrange
equation (x)s in terms of analytic expressions in w. More precisely, for all ¢ €
W22(M),

2 1
/ <§§AQ1UA0Q0 + 5(3(5 - 2)[A0¢|Vow\3 + 2A0’(U<V0g0, V0w>0
M
+ 2V (T, Vol ) o (5.10)
1
= / <—2U65S0 + 2 Rico(Voy, Vow) + 5(5 —2)Ro(Vop, V0w>) dvy,
M

where US: = 71|Wol2 + 7%2Qo — 1300R0, 72 = 1,73 = i(35 —2),and y1 <0
appropriately chosen, so that k; = 0.

Notice that the right-hand side is of lower order and bounded according to
(8.8) and (8.9). Testing with ¢: = w in (8.10) we get

/ (%5(A0w)2 + ;(35 ) Aguw|Vowl? + (36 — 2)v0w3> doy<C (8.11)
M
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for some constant C. (We will repeatedly use the notation C for generic constants,
whose values might change from line to line in the following.)

Case 1. If § € [%, 1], ie., 36 —2 € [0,1], we use Szy > —%xz — 9?2 to obtain from,
(8.11) for x: = Agw,y: = |Vow|3,

[ 6 - o @owr i = [ (35— 5-2) @ow)?

16
< / (%6(A0w)2 N ;(35 2 Agw|Vow|? + (36 — 2)v0w3> dvo
M
<C,
i.e.,
/ (Agw)? dvy < C. (8.12)
M

Notice also that by (8.6),

1
/ |va|gdUO < —/ R0|va|(2)dvo—/ (AO’LU)|V0w|(2)dUO
M 6 M M
1

1
< R%dvo-i- - |A0w‘2d’l}0—|—2€/ |V0w|§dvg,
be Jur €Jm M

hence, by (8.12),
/ IVowlgdvo < C,
M
which finishes the proof of (8.2) in Case 1.
Case 2. If § € (0, 2), i.e., (36 —2) € (—2,0), then by (8.6),
3 2 3 2 1 2
(3(5 - 2) §A0w + \V0w|0 = (3(5 — 2) §(A0’LU + \V0w|0) — §|VO’LU‘0

(36 — 2)
g6 6

3 2—-30

Inserting this into (8.11) we obtain

3 2 1 4

=0 [ (Aow)*dvo+ < [ |[Vowl|g(2—39)dvg
2 Jum 2)m

2-36)3
S/ gé(Agw)zdvo-i-/ <(35—2)[;A0w+|vow3]|Vow|g+( 3 )_Ro> dvg
M M

6 2
< C,
(8.11)
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ie.,

35 (Aow)2dv0+/ Vowl! dvo — §5/ Vowl! dve < C. (8.13)
2 M M 2 M

On the other hand, multiplying (8.11) by %(2 —36)"! > 0 leads to the
estimate

3 96
——5/ |Vowl|g dvg < C+—/ (Agw)|Vowl§ duo
2 M 4 M
95 [1 1
< C—I——[—/ (Agw)? dvo-l-—/ |V0w|§dvo}.
412 M 2 M

Substituting this into (8.13) we get

§6/ (Aow)? dvg + (1 — 2(5 / |Vowl|g dvg < C,
8 M 8 M

or

8
5/ (Ao’w)Q d’Uo + <— - 35) / |V0w|g d’UQ S C,
M 3 M

which proves (8.2), since & € (0,2) in this case. (8.3) follows from Adams’ in-

equality, Lemmas 6.1 and 6.2 in the same way as Corollary 1.7 was deduced from
Corollary 1.6. Notice that (8.2) guarantees that the constant on the right-hand
side of (8.3) does not depend on w.

Testing (8.10) with ¢: = wP and integrating by parts leads to (8.4); for
details, see [23]. O

With Lemma 8.4 we have established the existence of smooth solutions w of
(x)s with R, > 0 for all § > 0. The following two results summarize the necessary
a priori estimates independent of §, as § — 0.

Proposition 8.6 Under the assumptions of Theorem 8.1 there is a constant C1; =
C1(g) independent of §, such that for the solutions ws € C*°(M) of (*)s,

[lws||w=z < C1 V& >0.

Proposition 8.7 For all s < 5 there is a constant Co = Ca(g, s) independent of 9,
such that

[lws||wze < Co V& >0.

Before proving these a priori estimates let us review some regularity theory
for fully nonlinear elliptic equations. The techniques used in [17], [18], [42], [60]
motivate the approach we will present in these lectures.
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The investigations in [17], [18] are concerned with the fully nonlinear elliptic
equations of the form

F(Viu,Vu,u,r) =¢(x) inQ CR",
u(z) =(x) on 01,

where F is assumed to be uniformly elliptic, see Chapter 7. In [17] the Monge—
Ampere equation (F = det(u;;)) is studied, whereas [18] includes the case F =
ok (u;j). Omitting their results regarding boundary estimates, we will focus on
interior estimates for Fi, = op(u;;).

Definition 8.8 '} : = {4 € M(n x n) with o,,(A) > 0 and A is in the same
connected component as the identity }.

Fz is a convex cone with the following properties.

Proposition 8.9
() Iy i, .- CTY,
1
(ii) For (u;j) € T}, oF (ui)) isla concave function, i,le., for A = (uijl) eIl and
B = (v;j) € T} one has of (A + (1 —t)B) > to} (A) + (1 — t)of (B),
1
(iil) Let (uij) € T} with Fi(uij) = of (uij) = ¢ for some given smooth function
© with
0 <infy < ¢ <supyp < oo,
Q Q

thenu € C°(Q) = u e CY Q) = u e C*(Q) = ue C?*(Q),= uec C°Q),
with the interior estimates
luller(sr) S lullco(Ban);
lulle2(Br) S lluller (Bar)
lulle2o(Br) S llullc2(Bar)
lulle=(Br) S llulle?o(Bar),
where < denotes the inequality up to a constant factor depending on the data,
in particular on .

(iv) u e CHH Q) = u e C**(Q) if F| is uniformly elliptic and concave, see [42],
[60].

To motivate our method to establish a priori bounds in W23, we will first
establish an a priori estimate for solutions w of the equation 02(A4y,) = f > 0
on M.

Theorem 8.10 Let w € C(M*),(M*,go) closed, compact, satisfy o2(Ag,) = [,
for some f >0 on M*, with Ry, > 0. Then

IViwl|ze < Clgo, min f(), |[w]|ze=, [[Vowl|L=]] fllcs)-
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The outline of the proof of Theorem 8.10 is as follows. Recall from Lemma
7.2 that the linearization of o5 is essentially given by the tensor S = (5;;), for
which we derive an identity involving the Bach tensor B = (B;;) in Lemma 8.11.
To prepare a variant of Pogorelov’s trick we analyze the expression S ijViVjV for
V. = %|Vw\2 in Lemma 8.13, before we apply the maximum principle.

Lemma 8.11 Calculating in the metric g, = e~ ?"g,

. 1
SUV,V;R = 3A0cy(A) +3 <|VE|2 - E|VR|2)
+ 6T7E® + R|E| (8:.14)
— 6WK By By — 6EY By,
where B;j denotes the Bach tensor, which is the first variation of fM|W|2, given by
1
Bij = V*"V' Wi + §Rlekijl-

Notice that the only property relevant for us is the behavior of B = (B;;)
under conformal change of the metric:

B =By, =e¢ *Dy.

Proof of Lemma 8.11. Applying the Bianchi identity, by a formulation of Derdzinski
[39] we have

1 1 1
Bij = — —AEij + —ViVjR — —ARgij
2 6 124 . (8.15)
— Eleikjl + Eijk — Z|E|2gij + EREij,

where EF: = g E,,.
Thus

—A|E|2 IVE|? + EVAE;
515) IVE® + E”V V,R+2TrE® + R|E|2 oWk E,; By — 2By,

where we used the fact that TrE = EY gi; = 0.
Consequently,

_ 1 2 1 2
Aoy (A) _A< SIEIP + o R )
1
= —|VEP? + E|VR|2 + RAR E”V VR
1 )
—2TrE® — §R|E|2 + 2W““ﬂEijEkl + 3BYE;;.

Note that ;5 RAR — £EYV,;V;R = $59V,;V;R, by definition of S = (S;;), see
Chapter 7, which proves (8.14). O
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We now begin the proof of Theorem 8.1
Notice that for oo = 02(A) = f > 0 with R > 0 we can argue as follows:
1
Voo = ERVR — |E|V(|E]), ie.,
VR 1 E
(=Vor ) = ~55IVRP + FwimL v R)

1 \EI2

\ /\

1
7| VR + IV(IEI)I2 -5 IVAP

\ /\

Livep w g L) o Ligrp
2|VE| SIEP = R+ R ) - —|VR|

1 VR|?
<1 <|VE|2—E|VR|2) L

where we used Kato’s inequality, |V(|E|)| < |VE]|.
Thus

A

1 , 1 ) |VR|2 VR
- [ >0 .
5 <|VE| SIVE] ) > 02—y = Voo (8.16)

At a point p € M with R(p) = maxys R one has VR = 0 and S¥V,;V;R < 0, since
S;j is positive definite according to Lemma 7.2 (c). Since E is traceless,

6
6TTE3 + R|E|> > ———|E|®> + R|E|?
B = ——|E[ + RIE|

> |E[*(R —2V3|E|)

:‘E|2R2—12\E|2 _\Ep 2407 (8.17)
R+ 2V3|E| R+ 2V3|E|
1202

> |B]*~== >0,

> B —

because o3 > 0 implies 5 R? > |E|?, i.e., 2V3|E| < R.
Furthermore,
\WEE| < e 2%|Wolo|E|> < |EJ?, (8.18)

under the assumptions that ||w||r= and |[Wpl|o are controlled.
Similarly,
[BE| < e™"| Bolo| E| < | El, (8.19)

where again < denotes an inequality up to a multiplicative constant.
Combining (8.16) and (8.17) we obtain

2
SV, V;R > 3Aos + 6 (02 VEF _ Vo 2@)
R? R
(8.20)
120’2

+ |EP== 7~ +WEE+ BE,
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and at a maximum point p € M of R(-) we have

120’2

0> (SYViV;R)(p) = 3A02(p) + |E]*—=(p) — C1| B[ (p) — C2|E|(p).
But it is not clear, if the right-hand side dominates some term like cR? — cR. The
estimate (8.20), however, is still useful to prove the following uniqueness result.

Corollary 8.12 ([90]) If 02(A,,) = const. =: ¢ > 0, for the metric g, = e*“g.

on S%, then R,, = const., and g, = ¢*(g.) for some conformal transformation
¢: St — St

Proof. On (5%, g.) one has (W;jki)g., = 0 for g, € [gc], and therefore also By, =0,
and (8.20) simplifies to

|VR]? 5 12¢
SHV;V;R > 6¢ El*—
R +IE] R
[VR|?
> 6c———
- R
y (7.12) in Lemma 7.4, we obtain
g R|?
0= SYV;V;Rdvg, > 60/ [VE] dvg,,
S4 S4
ie., R=R,, = const., which by Obata’s Theorem implies g, = ¢*(ge). O

To make use of (8.20) for the proof of Theorem 8.10 we use Pogorelov’s trick
[76] applying the maximum principle to a function of the type (Aw)e“"(‘v“’m for
some suitably chosen function ¢.

Lemma 8.13 On (M*,g,) let V: = 1|V, w? =: |Vw|>.
Then, in terms of the metric g,

1
(24)?

y 1 1
U, V,;,V = —-TrE>+ —R|E|?
SINVV = —1Tr +48R| > +

1
- §<Vw, Voso) + lower order terms (8.21)

of order(|Vw|?|V2wl|?, |[V2w|?, |[Vw[®, etc.).
Proof. With respect to the metric g,, we compute the covariant derivatives of V'
first:
1
Vv,V =Y, <§|Vw|2> = V;(ViwViw),
ViV;V = (ViVew)(V;View) + (V;V;Viw)Viw,

ViViViw = V;VVjw = Vi ViViw + RILV pw
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Recall (7.6),
1 15 1 9
Viv]"w = —§Aij + §A” — Vlwvjw + §|VU}| (gu;)ij~ (822)
So,

1
ViV;V =V, ViwV;View — §VkAiijw + lo.t. of order (|V2w\ . \Vw|2).

Thus
3 3 1 .
SN ViV = S”Vivkwvjvkw—§S”ka(VkAij)+ l.o.t.of order (|V2w|~|Vw\2).
(8.23)
Notice that by (8.22) and (7.1)
. 1 ..
S”VNkaijw = —S”AikAjk
(8.22) 4
+ lo.t. of order (|Vw|?|Vw|?, |Vw|*)
) - ) (8.24)
= —-TrE®*+ —|E> + —R?
o T1TTE A RlE
+ lo.t. of order (|Vw|?|Vw|?|Vwl[*).
Moreover
SV rwVi Ay = (Vw, Voo (A)), (8.25)
since by (7.1),
W5\ qij i, 1 ij 1
(VkA J)S J = (VkE J + E(ka)g ]> (—Eij + ZRgij)
g 1
=—FY (VkEz]) + ERka
1 1
_ 2B 2 P2
Vi ( 2| |+ 24R )
= VkO'Q.
Summarizing (8.23)—(8.25) completes the proof. O

Proof of Theorem 8.10. We calculate in terms of the metric g, = €*“go. First
notice by o2 = 02(A,, ) = f > 0, that § > 222 > 0 by Lemma 7.2 (c). In addition,
for |[Vw| < ¢, |w| < ¢, one gets
|E]? < 12R* + O(f), i.e.,
[Ric|? < R* 4 C, or in terms of w,
V2w|  |Aw| < [Vuwl.
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We apply the maximum principle to the function h: = R+ 24V. At a maximum
point p € M of h we have, by Lemmas 8.11 and 8.13,

0> S9(p)ViV;h(p) = SY(p)ViV; R(p) + 245 (p) Vi V;V (p)

= 380200) +3 (IVEP ()~ FIVRI )

3 2 1 3
+ QR(p)IEI (p) + 511 (p)
— 12(Vw(p), Voa(p))
+ lo.t. of order (|V2w|?|Vwl|?).

Now use (8.16) to estimate the term in brackets to get (by |Vw| < ¢),

0> S%(p)ViV,h(p) = iRS(p) - gR(p)lElz(p)

—c(l[flle2) = el fller)

%‘(p)—cRQ—c.

At p we have Vh(p) = 0, thus
[VR|(p) = 24|VV|(p) S [Vw(p)|[Vw(p)],
and o2(p) > minys f(+) > 0, which implies

1
2

R(p) 2 (min /()" >0,
S0
VR
R
Consequently, there exist constants ¢y, ¢z, c3 depending on (f, [Vwl, |w]|), such that
0> S9(p)ViV,h(p) > c1h?(p) — c2h®(p) — cs.

Thus h is bounded, hence |V2w| is bounded. O

(p) S V2w (p)[[Vw(p)| < Vw(p).

We now return to the a priori estimate of solution of equation (*)s. The main
point is to modify the proof of Theorem 8.10 by applying an integral form of the
Pogorelov estimate.

Proposition 8.14 There is 09 > 0, and C = C(g), such that for all § < §p,w €
C>°(M) solving (* )5 with Ry, >0 and [,, 0(Ay,) dgy > 0, the following estimate
holds,

/ |Vawl3 duo —|—/ |Vowl|§? dvg < C. (8.26)
M M
In particular, there is o > 0, such that

[|lw||ce < C(g).
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The crucial step of the proof is in the following lemma:

Lemma 8.15 (Main Lemma) There are constants 6o > 0,C = C(go), such that in
terms of gw = €*“go,

§ [ (AR)? R\®
16/)y R d”*/M<€) d”

§(1+c5)/ |Vw\6dv—|—c/ R%*dv + c.
M M

(8.27)

Instead of the pointwise maximum principle as in the proof of Theorem 8.10
we use integral estimates. Denote

I:/ SV, V;Rdv,
M

II: :/ SN,V V dv
M

for V: = %|Vw\2, where here and in the following, dv = dvg, and all covariant
derivatives are taken with respect to the metric g,, unless otherwise noted.
We remark that due to the fact that V;S;; = 0, we have both I =11 = 0.
We also remark that in contrast to the proof of Theorem 8.10 we now only
have |Vw| € L*(M) and w > ¢ for w satisfies (*)s.

Lemma 8.16 There is a constant C' = C(go), such that

12/ ( 5(AR) +6Tr E3+ R3 CRz—C) dv, (8.28)
v \2 R

for any w € C>*(M) solving (*)s.

Lemma 8.17 There is a constant C = C(qgo), such that

( )

— C6R? — C6|Vw|® — CR? — C) dv

for all w € C*°(M) solving (x)s.

Assuming (8.28), (8.29) for a moment, we will finish the proof of (8.27) in
Lemma 8.15. In fact
(AR)
v R

—6 R|Vw\4dv—/ (COR3 + C8|Vw|® + CR? 4 C) dv
M M

1
0:1+24Hz§5 dv+—/ R3dv
2 6 Jur
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Divide by 36 and apply Holder’s and Young’s inequality to get

1) (AR)2 R\? R 4
— — < —
51 dv—l—/M<6) dvf/M |[Vw|* dv

/R3d +—/ |Vw\6dv+36(;/ (R? +1)dv
3 3 2
< (/ <E> dv) < V| dv) +--
M 6 M
1 R\’ 2 6
< = - Z
_3/]\/[<6) dv+3/M|Vw\ dv+---,

where the dots denote the remaining terms on the right-hand side. Absorbing the
first term on the right into the left-hand side finishes the proof of Lemma 8.15.

Proof of (8.28): Integrate (8.14) in Lemma 8.11 and use (8.18), (8.19) to get (in
terms of the metric gy, )

1
I= 3/ ( (|VE|2 — —|VR|2> +6TrE?
M 12

+ R|E]?> - 6WEE — 6BE> dv

23/ <|VE|2 - i|VR|2) dv+/ 6TrE? dv
M 12 M
+/ (CR2+C)dv+/ R|E? dv,
M M

(8.30)

where we have used that

1 2
O</ O'Qd’U:—/ (R |E|2) dv, whence /\E|2dv</ R%dv.
u 2 12

To estimate [,, R|E|*dv from below, recall ()5,
SAR = 40y + 871 |[W|?,

where v; < 0, since fM o9 dv > 0; compare to Chapter 6.
Multiplication of (x)s by R and integration leads to

) RARdv:/ lR3du—2/ R\E|2dv+8v1/ RIW | dv, ie.,
M 6 M M

M
1 B
R|E|f? dv = R3 dv+4vy [ RIW|?dv+ —/ |VR|? dv (8.31)
M 12 M 2 M
zi R3dv—C (R? +1)dv

12 M M
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Finally, to handle the first term on the right of (8.30) we claim that

1 1 (AR)?
2 1 2 S 2 _
/M <|VE| SIVE ) dv > 2/M§ dv — C,

which together with (8.31) inserted into (8.30) proves (8.28).
To prove (8.32) we differentiate (x)s and get

1
SVAR = SRVER - 4|E|V(|E|) — 8 V(W %),

multiply this by V—Rf% and integrate.

69

(8.32)

O

The proof of (8.29) is a modification of (8.21) in Lemma 8.13, and we will

skip the details here [23].
We will now apply Lemma 8.15 to prove Proposition 8.14.

Sketch of the proof of Proposition 8.14. Basically we are going to apply interpola-
tion and boot-strapping methods to estimate the norms w. To do so, we first recall

(7.3)
R =e¢"?"Ry — 6Aw + 6|Vw|>.

Also
[Vw| = |Vowle™, or |Vow| = |[Vw|e™,
Vil S [VRwfet + e Tul,

_ _—4w
dvg = e dv,

( / |f|12dvo) < [ 1Vorigd+ [ 17 du,
M M M

the latter resulting from the Sobolev embedding W3(M) < L'2(M).

Step a. We claim that

</ |Vw12dv) 5/ |Vaw|® dv + 1.
M M

Proof. Taking f: = |V0w\e’%w in (8.33) one gets

/ |f1*2 dug :/ |Vow|*2e™ dug :/ |Vw|*? dv,
M M M
whence by (8.33)

(/ |Vw12dv) ,S/ |V0(|Vow|e_%“’)|3dv0+/ |Vow|?e ™2 duy
M M M

< / (IV3w|*e " + |Vow|®e ") dvy + C
M

5/ |V2w|3dv+/ |Vw(® dv + 1.
M M

(8.33)

(8.34)
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Now, by (7.6) and (7.1)
V2wl S AP+ [Vwl® + O,
R2

A2 = |E]? + —.
AP = |EP + 35

Thus

(/ |Vw12dv) 5/ (AP + [Vl + 1) dv
M M
5/ (B + R + [Vul® + 1) dv
M

< / (6|VE]? + 5|VR|* + R* + |Vw[® + 1) dv (8.35)
(*)5 M

55/ |VR|2dv+/ (R® + |Vw[® + 1) dv
M M

< / ([Vel® + 1) do.
M

(8.27)

Notice that we used (x)s to express |E|® in terms of [VR|?. To be more precise,
multiplying (*)s by E and integrating one gets

5
|E|3dv§(/ R3dv) (/ E3dv> +a/ E3dv+g—|——/|VRHVE|dv,
M M M M e 2 )y

for some small € > 0, hence

/ |E|? dv 5/ R3dv + |VE|2dv+/ |VR|? dv + C.
M M M M
Note also that we used

5/ |VR|? dv :5/ (~AR)R dv
M M

2
ga/ @de/ R3 dv
M R M

< /(|Vw|6+1)dv
(8.27) J M

in the last step of (8.35). O
Step b. Claim:

/|V2w|2|Vw|2dv§/ (6[Vuwl® + R +1) do. (8.36)
M M
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Proof. Recall (7.3) which implies
R 1
5= —Aw + |Vw|? + EROe_Q“’. (8.37)
The key observation is
1
/ |Vaw|® dv < —/ R|Vw\4dv+0/ (6R® +5|Vw|® + R* + 1)dv.  (8.38)
M 6 Jm M
Assuming (8.38) for the moment we can conclude
/ Aw|Vw|* dv < 05/ R dv + c/ (6|Vw|® + R* 4 1) dv, (8.39)
M M M

thus (by multiplication of the square of (8.37) with |Vw|?),

2
/(Aw)z\VwF g/ ((%) |Vw2—|Vw6—|—2Aw|Vw4> dv
M M

+C [ (R*+1)dv
M

<9 \Vw|6du+c/ (R? +1) dv.
(8.39) M M

By Bochner’s formula we finally obtain

/ V2w | (Vw)? 55/ |Vw\6dv+0/ (R? 4+ 1) dv.
M M M

To see (8.38) recall from Lemma 7.2 (c) that Ric > 222, so that

bos

R \Vwl|* dv

2 | |Vw|? Ric(Vw, Vw) dv 2/
M M

> —60 [ |VZw|*|Vw|* dv
M

(*)s

3—5/ R3dv—6/ |Vw\6dv—/ (R* 4+ 1) dv.
M M M

On the other hand,

1
2 | |Vw|? Ric(Vw, Vw) dv = —/ (R|Vw|* — |Vwl|%) dv
M 6 M

+ E Roe™ 2" |Vwl|* dv

6 M

+2 [ |Vw]?Ag(Vw, V) dv,
M

where the last two terms are bounded by virtue of (8.2) in Proposition 8.5. g
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Step c. To estimate fM\Vw|6 dv we proceed as follows:
/ |Vw|® dv :/ (Vw, Vw)|Vw|* dv
M M
= —/ wAw|Vw|?* dv —/ wVwV (|Vw|*) dv
M M

< / |w|\V2w\|Vw\4 dv
M

5(/ V2w|2Vw|2dv) (/ |Vw6w2dv>
M M
5(/ V2w|2Vw|2dv) </ |Vw12dv) (/ Vw|4|w|§dv)
M M
(/ [V2w|? VwIde) (1+/ Vw|6dv)
(8.4), (834) M

Thus,
/\Vw|6dv 5/ V202 V|? do + 1
M

<9 |Vw\6dv+/ (R? 4+ 1) dv,
(836) M

which implies

|Vwl|® dv 5/ R*dv +1
7l M

%
5(/ R3dv) +1
M
</ |Vw6dv> +1,
(827)

Le., [1,|Vw|®dv < C, and by (8.34), [,,|Vw|'?dv < C, and [, |VZw|*dv < C. O
Corollary 8.18 There is a constant C' = C(go), such that

5[ BR

M

dv < C. (8.40)

Proof. We know already that

s [ (AR

dvg/ R¥dv+1<C.
M M
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Thus it suffices to show miny; R(-) > ¢g > 0, which will follow from the maximum
principle applied to

1 1
SAR =8y, |W|* + ER2 —2|E*> < 8y |W|? + ERQ.
Hence at the minimum point p € M of R we have AR(p) > 0 and therefore
1 .
() = =8 [WI*(p) = 8y min|W [ (:).

So if |[W? o e 4 W|W|2 £ 0 on M, then we are done, since then
5.9

R? > 48|’yl|mAj[n|W|2(~) =:¢p.
If [W| = 0 somewhere, choose a section € I'(Sym(T* M*®@T*M*)), which denotes

the bundle of symmetric (0,2)-tensors on M*, e.g., n = any Riemannian metric
on M*. Then |n|> = e=**|p|2 , and we look at the equation

SAR = 409 + 871|n|%, (k)5

and apply the maximum principle as above.
Notice that the only relevant fact about |W|? we used was the behavior under
conformal change, see (5.9). So instead of I[w] in the definition of F|w] or Fs[w]

one uses
I'[w]: :4/ w|n\2dv—/ |n|2dvlog][ e dv. O
M M M

We conclude with

Proposition 8.19 There is a constant 69 < 1 such that for each s € [0,5) there is
a constant C' = C(s,.g0), such that for all 0 < § < &g the following holds:

Any solution ws € C=(M) of (x*)s with Ry, >0, [,, wdvg =0, [,, 0uw(Ag,)
dvg, > 0 satisfies

/ |V2wl|* dvg < C.
M

We will skip the details of the proof here. [23] The idea of the proof is to
apply the same arguments as above to the terms

I. = / S9N, ViRPT Y dy =0  and  II: = / S9N, (RPV,; V) dv = 0,
M M
for p < 2.
As an immediate consequence we deduce from Sobolev’s embedding theorem

Corollary 8.20 There is a constant dg < 1, such that for each o € (0,1) there
is a constant Cy, such that the following holds: for all § € (0,dp], any solution
ws € C®(M) of (+x)s with Ry, >0, [,, wdvy =0, [,, 02(Ay, ) dvg, >0 satisfies

||7,U||Cl,a S Ca.
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Theorem 9.1 Let g = e?“go be a solution of (¥x)s with positive scalar curvature,
normalized so that fwdvo = 0. Assume also fO'Q(Ao)dUO > 0. Then for § suffi-

ciently small, there exists v € C°(M), such that o2(Ay) > 0 for h = e*g.

The key step is to look at the evolution of the quantity k/R under the Yamabe

flow, where
k: 202+2’71|7]‘2, (9.1)

In| > 0, on M, and |n|,, = e~ 2“|n|. Notice that by (x*)s, AR = 4k. We will
assume an a priori bound in LP,p > 4, for the curvature of the initial data.
Throughout Chapter 9 we assume that the hypotheses of Theorem 9.1 hold.

Proposition 9.2 Consider

oh _ 1
ot 3]%]1’2 (92)
h(0,)) =g: =e"go.

Then there exists Ty = To(go), such that (9.2) has a unique smooth solution h €
C*>([0,Tp), M).

Proof. Consider the normalized Yamabe flow

8;: = —ﬁ(R—r)h*,
r(t) = [y Rdv/ [, dv, (9.3)
h*(0,-) = hg,

on (M™, hg). Then (9.3) admits a unique smooth solution for all time (see [58],
[94]). When n = 4, (9.2) and (9.3) differ only by a rescaling in time and space.
(9.3) guarantees that the volume is normalized, hence we are only required to find
a time interval [0,T5(go)), on which vol(M, h) is under control.

Some basic facts about the Yamabe flow are summarized in

Lemma 9.3 ([94]) Under (9.2) one has

9 2
o 1,
OR=AR+ SR, 9.5)
9y = iR+ LaRr)g, (9.6)
ot 37t 6 9ig- ’
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Assuming the validity of (9.4)—(9.6), we now finish the proof of Proposition
9.2 as follows:

Since by (¥*); Ry = Rpo,) > C(go) > 0, we infer from (9.5) that at a
minimum point p; € M,

OR 1 1
E(pt) = AR(p:) + 532(1%) > 532(1%) >0,

hence R remains positive under the flow.
The volume is decreasing, since by (9.4)

In addition,

[N

il w25 ([, me) (
i () =5 (fwa) o
(9.4) an

d (9.5),

whence

=

On the other hand, by

d dR d
— R2dv:/ 2R—dv—|—/ R%?— (dv

1, o[ 2
= [ 2R(AR+-R*) dv+ [ R*(-ZR) dv (9.8)
M 3 M 3
=-2 [ |VR*dv<O.
M

(9.7) and (9.8) imply

[ Ryl
3

vol(M, h(0,-))2 — : t] i < vol(M, h(t,-)) < vol(M, h(0,")),

and ||Rgy||r2 is bounded according to Proposition 8.14.

Proposition 9.4 Fixz s € (4,5). Then there is Ty = T1(g0) < To, such that for
t < T the solution h = €2*g of (9.2) satisfies

(a) ||Ricp ||+ < 2[| Ricg ||+,

(b) || Ricy ||p= < Cot™%, where Ca = Cs(go),

(©) l[vllze < Clgo)-

Proof. The proof relies on general estimates for the Yamabe flow (see [93]) as a
parabolic evolution equation summarized in
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Proposition 9.5 (Moser iteration for parabolic equations, see [93]). Assume that
with respect to the metric h(t),0 <t < T the following Sobolev inequality holds:

(/ |g0"2+2dv> ' §C5[/|Vgo|2dv—|—/ <p2dv}
M M M

for all o € WH2(M™). Suppose b is a nonnegative function on [0,T] x M™, such
that

0
— < .
o (dv) < bdv

Let g > n, and u > 0 be a function satisfying

ou
— <A
5 = u + bu,

sup ||b||q/2 < -
0<t<T

Then for all po > 1, there exists a constant C = C(n,q,po,Cs) such that for
0<t<T,
[lut, )L < Ce*t™ 20 [[u(0,-)||Lro-

Moreover, for given p > po > 1, one has for all t € [0,T],

4 updv—I—/ |V(up/2)|2dv§Cp%/ u? dv,
dt Jpr M M

where C = C(n, q,po,Cs).

Remark 9.6 When applying Proposition 9.5 to prove Proposition 9.4, we only

require that s > 5§ = 2 for n = 4. Also, in our application, we can control the
Sobolev constant Cs by the Yamabe constant Y (M, go) which we assume to be
positive of (M, go)[23]. O

The following result contains the key inequality for the proof of Theorem 9.1.

Proposition 9.7 For k as defined in (9.1), denote
k
L= ~Z0).
® max( 7 )

%f < Ap + Cy|Riclg + C: [Ric| (9.9)

for some constant C1 = C1(go).

Then fort < Ty
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Proof. This statement is proved by straightforward but lengthy computations, we
refer to [23]. O

Now we are going to sketch the proof of Theorem 9.1.

<

First we will modify ¢ to “ remove ” the last term in (9.9). For this purpose,

we define ¢4 (t): = exp (ﬁClcgt%> —1, hence ¢ (0) = 0, and since s > 2, one
easily checks that

0 2
SO =01+ ()
Then u: = ¢ — ¢ satisfies
ou  _0p In
ot ot ot
. . Jp1
< Ay + Ci|Riclp + Cy|Ric|] — —
(9.9) ot
. . . Jp1
= Au + C1|Ricju + C1|Riclp; + C1|Ric| — o
. _2 Oy
< Au+ Ci|Riclu + C1Co(1 4+ 1)t s — —
(Prop. (9.4)(b)) ot

= Au + C1|Ric|u.

Applying Proposition 9.5 for b = ¢;|Ric|,pp = 2,q = 2s,s > 4, we conclude for
t <1,

lullLe = [l = @1z < CtH]g(0,-) — 91(0)]] 2
C
= Z1lp(0, e
On the other hand, by (x%)s,

o2(A) + 27 [n/?
o0, e = || 2L
5 AR,
(s ||4 Ry ||
< C(go)d®.
(8-40)

1
Thus ||ul|z= = ||¢ — @1]|re < sz for all ¢ < Ty. That is, by definition of ¢ in

Proposition 9.7,

Cs3
t b

1
E(Uz + 27 [nl*) > =1 (t) —

hence

5% 2 2 1
o2+ 270> > R (—gol(t) - CT) > Ot s (—tl’? - 551&*1) ,
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since R < Ct~* by Proposition 9.4 (b), and ¢1(t) < Ct'~% by the simple estimate

e® —1 < |z]el*! for t <T.
Consequently,

g9 Z —2’71'77|2 — Cgtl_% — 035%1*,_1_%.

Recall that |n|? = e=4(+®)|n|2 > C(go) > 0, by Proposition 9.4 (c). Hence there
is a constant Cy = C4(go) > 0 so that o9(A;) > Cy — Cstl=% — 0362t~ 1% for all

t<Ti.
Let to: = min{T1, %o}, where t( is chosen such that
- 1
Ogto == 204,
then at t = g,

3 e 1
o2(As,) = SC1 - Caatty” > 5C1,

if § < d¢ is sufficiently small. This means that the metric h = h(to,-) € C*°(M)

satisfies
UQ(AtO) = O’Q(Ah(tm.)) > 0.

O
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In this section we will outline the result in [24]. The goal is to deform oy = f,
where f € C®°(M), f > 0, into oo = ¢, where ¢ > 0 is a constant on a compact
4-manifold. To achieve this, we will use the method of continuity together with a
degree-theoretic argument.

To apply the method of continuity, the main step is to obtain a priori esti-
mates for solutions w of the equation o2(A,, ) = f for a given positive function f.
First we observe that on (5%, g.), due to the noncompactness of the diffeomorphism
group on S*, we do not have an a priori sup-norm bound of the conformal factor
for w with 02(Agy, ) = 6. That is, if we consider the family of metrics g,, = €** g,
on S* defined by e*Vg, = ¢*g. for some diffeomorphism ¢ of S* (actually we can
take ¢ to be a rotation and dilation on S%), then R,, =12, E,, =0 and

11
02(4y,) = 55(4 -3)2=6 on S

To see that there is no a priori sup-norm bound of such a family of w, we may use
the stereographic projection map S* — {N} to R*, where N is the north pole and
observe that in Euclidean coordinates on R*, w corresponds to the sequence

1 2\
w =w = |0 ————8M8M8M8M8M8M8
A g)\2+|$—.’£0‘2

with A > 0,29 € R*. Thus the supremum norm of w) tends to infinity as A — 0.
The following theorem indicates that (S%,g.) is the only exceptional case
among all compact 4-manifolds.

Theorem 10.1 On (M*, go), suppose that R,, >0, g, = e*“go, and
02(Ag,) =f>0

for some smooth function f. If (M*, go) is not conformally equivalent to (S*, g.),
then there is a constant C = C(||f||cs, go, (min f)~1), such that

I?vﬁx(e“’(') + [Vowl() < C. (10.1)

Once the estimate (10.1) is established, we can apply Theorem 8.10 to es-
tablish w € C™1(M), and then since (02)2 is concave, we can apply the results
of Evans [42] and Krylov [60] to establish that w € C%%(M), hence w € C*°(M).
That is, we have the following corollary.

Corollary A. There is a constant C, such that ||w||ce < C, if f € C(M).

We then apply a degree-theoretic argument to deform o2 to a constant. We
will skip this part of the argument in this note and refer the readers to the arti-
cle [24].



80 10. Deforming o2 to a constant function

Theorem 10.2 Assume that o3(Ay) = f > 0, then there is a metric g, = €**g
such that
02(Ag,) = 1.

Outline of the proof of Theorem 10.1

We will proceed in five steps:

Step 1. Given a sequence of functions w; € C*° (M), such that (10.1) fails to hold
we use a blow-up argument to construct a new sequence converging to a solution
of 02 = 1 or 02 = 0 on (R?*,|dz|?). The main technical difficulty is the absence
of a Harnack inequality for solutions of oo = f > 0. ® Hence even if the suitably

dilated sequence may be shown to be bounded from above, there is a lack of a
lower bound.

Step 2. Classify the solutions of o3 = 0 on R* according to
Theorem 10.3 Suppose g, = €**|dz|* is a conformal metric on R* with w €

CL1(R*) satisfying
02(Ag,) =0, Ry, > 0;

then w = const.

Step 3. Classify the solutions of o9 = constant > 0 on R* according to

Theorem 10.4 Suppose g, = €**|dz|?> =: u?|dz|* is a conformal metric on R*
with

then u(x) = (a|z|* + E?Zl bix; + )~ for some constants a,b,c. In particular, g,
is the pull-back of the round metric g. on S* to R*.

Step 4. The previous two steps together with the following important lemma by
Gursky will be used to establish Theorem 10.1.

Lemma 10.5 [54] Let (M*, g) with Y (M*,g) > 0. Then [,, 02(Ag)dvy < 1672 and
equality holds if and only if (M*,g) is conformally equivalent to (S*, g.).

We remark that this is a restatement of Lemma 6.12 in Section 6. As on
(M*, g) we have

1 1
Qg = _EARg + 502(Ag)~

1
kg = / Qqdvg = 5/ o2(Ag)dvg.
M M
Thus [, 02(Ag)dvg < 1672 if and only if k, < 872

Hence

5 After this note was written, a form of Harnack inequality was established for a class of fully
nonlinear elliptic equations defined on R™ which includes the o} equations. The reader is referred
to the recent articles of [52] and [62].
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Remarks
1. Step 3 above works also for g2(Ay) = const. on R™ for n = 4,5, and for n > 6
under the additional assumption that | v dvg < 0o. For n = 4,09 > 0 and
R > 0 imply that | dv, < co. We remark that for n > 5 there is a metric
with g3 > 0, R > 0 with [ dv, unbounded (obtained by a perturbation of a
metric on S"71 x S1); see the article [25].

2. The classification result of Step 3 should be compared to the result of Caffa-
relli-Gidas—Spruck [16] for

n4+2
—Au = cpun—2 on R"

A ==
=1 .
! <A2+|$—x0|2)

On (S™,g.) the above result is Obata’s [71] theorem, which states that if
u > 0 satisfies »
—Au+ Rou = cun—2 on S"

for Ry = n(n — 1), then uﬁgc = ¢*g. for a conformal transformation
¢: S — 8"

Such a classification result has been established by J. Viaclovsky [90] for
general oy, (see also Corollary 8.12 for k = 2 on S%):

Theorem 10.6 (Viaclovsky [90]) If 0, (Ay) = const. on S™ for g = uvs |dz|?, then
u = (a|lz|* + biz; + c)_% for some constants a, b, c.

Step 1. We will use an unusual blow-up sequence wy, since we do not have a
Harnack inequality to derive a lower bound on wy once we have an upper bound.

Assuming that the statement (10.1) is not true, we find a sequence of metrics
gr = €*Wk gy, and smooth functions fi, such that o2(Ag,) = fr with 0 < Cp <
fr <C;t and || fx||c2 < Ch, such that

mﬁx(ew’“ + |Vowg|) — o0 as k — oo. (10.2)

Assume that py € M are the corresponding maximum points. Choosing nor-
mal coordinates @ at pr we may identify a neighborhood of p; with the unit ball
B1(0) € R* with ®(px) = 0 € R*. Define dilations

T.: R* — R*,

x— Te(x): =ex,
and consider wy . = T} wy, + loge; hence

Vowge + €% = e(Vowy + %) o Tt.
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Now choose for each k,e = g such that the right-hand side equals 1 at x = 0, i.e.,
Vo(wi,e,) +eer),_, =1, (10.3)

then wy ¢, is defined on B4 (0).
€k
Notice that 0 € R* corresponds to a maximal point py € M for each k, with
value normalized to 1 by (10.3), i.e., with

Vo(wge,) + €% <1on B (0). (10.4)

K
Since the €, are chosen, we change notation by setting wy: = wg ¢, from now on.
Denote the pull-back gy : = e*“*TZ go, then o9(Ag+) = fi o Tt, with

g6 =T go — |da|?

in the C?P-topology.

Case 1 lim ¢“+(®) =0,
k—o0
i.e., wg(0) — —oo, then the shifted functions wy: = wg — wg(0) with the corre-
sponding metrics gi: = e?“*go, satisfy
W (0) =0,

‘d’lf)k| <1lon BL(O) C R4,
ck (10.5)
limkﬂoo|d’u_}k(0)| =1,

o2(Age) = e*+ O f 0 T, on B, (0) C R%.
€k

Thus maxp,o)|wk| < o, so the wy, are uniformly bounded in the C'-topology on
compact subsets of R*. To obtain the necessary C'''-bounds we appeal to a local
version of Theorem 8.10 on R*:

Theorem 10.7 Suppose g = e?“|dz|* =: eV gy on R* satisfies o2(Ay) = f > 0 and
Ry, >0 on B,(0); then

VEwlro=(s,/,) < Clllwllz=(z,), [VowllL=(s,) ||fllc2(s,), 0)- (10.6)

(10.6) implies in our situation

sup | V2| < C,. (10.7)
B, (0)
Case 2 limsup e+ = 5, > 0;
k—oo

then
—ca <wi(0) < 0,
(10.4) (10.8)
|dwi| < 1on B (0).
ek
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Again as before we obtain

sup |V2wy| < C,.

B, (0)
In contrast to Case 1 we even get uniform C%P-bounds by the theory of Evans
[42] and Krylov [60], since the wy, satisfy the uniformly elliptic equations

1
02(Agk) = fk ngk > C_O

Recall that for the ellipticity one has to check that (by Lemma 7.2 (c))

_ 003(Ay,)
I(w)ij

which is uniformly positive definite.

Hence in Case 2 we are able to conclude that the sequence {wy} is uniformly
bounded in the C%#-topology, hence in C*(R*) for all k.

Case 1 can be excluded by means of Theorem 10.3, which will be proven in
Step 2. In fact, so far we know by (10.7) that @ — w in Cll’B(R4) with

ocC

6o2(Ag,)

T ng

9ij

02(Az,) = 0and w € CHH(RY), (10.9)

Rj,, > 0, where (10.9) is meant to hold in the weak sense, i.e., a.e. on R, or in
integrated form. Hence w = const., in particular V@ (0) = 0 contradicting (10.5).

Step 2. Proof of Theorem 10.3. Fix B,: = B,(0), choose a cut-off function n =1
on B,,n =0 on R*\ By, with |Vy| < 071, |V?| S 072, and set w: = f wda.
Bze
Multiply the expression (7.10) for o5(Ay, )e*™, which holds a.e. on R, by the
function (w — w)n* and integrate on R*. Using the assumption of Theorem 10.3

one obtains )
3

/ IVw|4n4dw§</ |Vw4774dx> ,
R4 A,

where A,: = By, — B,. Since [5,|Vw|* dz < [[w]|$1, < oo, we have

lim |Vw|*n* dz = 0,
A

0—00

hence lim,—.o [ [Vw|*dz = 0, i.e. [Vw| = 0 on compact subsets of R*, which
e

implies that w = const. O

Notice that this proof works also in the case when o9 = ¢ << 1, which will
be used in the degree-theoretic argument later.

Step 3. Proof of Theorem 10.4. We recall the geometric proof of Obata’s Uniqueness
Theorem on S™: If Ry = const. on S”, then |[E| = 0 and g = ¢*(g.) for some
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conformal transformation ¢: S™ — S™. For simplicity we review Obata’s proof

for n = 4. Then E;; = —2u=!(V2u);; + su~(Agu)gi;, where g = u’go, and
calculating in the g metric (dv: = dvy),
|E)?u dv :/ g(E, E)udv
54 51

= —2/ g(E,Vzu) dv
S4

(TrE=0)

:2/ g(0F, du) dv
S4

1
= 2/ g (—dR,du) dv = 0
(6E=%dR) g4 4 (R=const.)

On R%, and assuming R, = const., we use a cut-off function to imitate Obata’s
proof:

/}R4 g(E, E)un?* dv = —2/R4 g(E,Vzu)n2 dv
— [ gGBdupPdov2 [ g(E.dwT, ) do
R4 R4

< /A|E|g|v W[V o) do

Rg=const.)
(Ryq

2
( / B 2un? dv) ( / |vgu|2|vgn|2u-1dv>
AQ
Hence it suffices to prove

[ 199 do= [ Vo Von?u~ de
AQ AQ

< C independent of p.

2

(10.10)

Since then (as before) E = 0 follows by taking ¢ — co. To prove (10.10) one may
look at the situation for general n, and (10.10) amounts to showing that

ES —/ |V0u|2

is bounded independent of g. For n = 3 this can easily be done by multiplying the
differential equation —Agu = caun=z (= c3u®) by =T to get I5(p) < C. If there
is a volume bound, then one can easily check that u=! < c|z|? for all n, and it
remains to show that

/ |Voul?dz < C  independent of g.
A

e
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In general, a volume bound is too strong an assumption. For n = 4 in our situation
we proceed with a similar strategy replacing R, by 02(A,) and E by some tensor
L with similar properties.

Lemma 10.8 Suppose (M*,g) is locally conformally flat (e.g., for g = €2¥|dx|?),
then consider the tensor

1 1
L: = -|E|*9+ —RE — E*.
4| |g+6R

Then
TroL =
i % (10.11)
Proof. Follows from a straightforward computation. O

Proposition 10.9 If o2(A) > 0, R > 0, then

(i) g(L, E) > 0 with equality iff E =0,
(i) |L]* < £g(L, B).

Proof. (i) is a consequence of the relation TrE? < %|E |2, which was already used
n (8.17).

(ii) One calculates
L] = |E?| - |E|4 +3 RzlElz RT E?,
and |E?? < Z|E|*, which is sharp, since E might have diagonal form (E;;) =

—-3A

A 0

Now we can proceed to sketch a proof of Theorem 10.4 along the lines of
Obata’s proof outlined above.

L, E)un? = -9 L, VZu)nt
[ o pptan, = =2 [ oLt o,

o / 9(SL, duyr* dv, +2 / 9(L, du)V o (") do,
R4

/ Ll |V gl [V 47| (n)? dvs,

(o2= const
(10.11)
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8 101
< —= | Rrg*(L,E)|Vqul[Venl(n)? dv
(ii)\/g Ri g9 l g9 g9

< %/ RIVoul*u™! dz /g(L,E)un4dvg
0% Ja, A,

Thus it suffices to prove that there is a constant C' independent of p, such that

1
2

/ R|Voul*u™tdz < Co?, (10.12)
AQ

since then arguments analogous to Obata’s proof show that ¢g(L, E) = 0, which by
Proposition 10.9 (i) implies E = 0.

In order to show (10.12) one multiplies the expression (7.10) for o2(Ag)e*™
by e™*, which leads to (10.12) for n = 4. Also for n = 5 this can be worked out,
but this method seems to fail for n > 6. O
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